Mathematica 11.3 Integration Test Results

Test results for the 705 problems in "Timofeev Problems.m"

Problem 3: Result more than twice size of optimal antiderivative.

JSec[Zax] dx

Optimal (type 3, 13leaves, 1step):
ArcTanh[Sin[2 ax]]
2a

Result (type 3, 37 leaves):
Log[Cos[ax] —-Sin[ax]] Log[Cos[ax] +Sin[ax]]
- +
2a 2a

Problem 4: Result more than twice size of optimal antiderivative.

1 X
J, Csc[ =] dx
4 3

Optimal (type 3, 11leaves, 2steps):

3 X
- —ArcTanh|C —
. rcTan [05[3]]

Result (type 3, 23 leaves):

i -3 Log[cos[gH +3L°g[51“[§”]

Problem 5: Result more than twice size of optimal antiderivative.

Tt
J—Sec[—+2x] dx

4

Optimal (type 3, 15leaves, 1 step):
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1 7T
- —ArcTanh|Sin| —+2
N rcTan [1n[4+ XH

Result (type 3, 55leaves):

%Log[Cos[i (r+8x)] —Sin[i (m+8x)]] —%Log[Cos[i (m+8x) | +Sin[§ (m+8x)]]

Problem 19: Result more than twice size of optimal antiderivative.

eX
J dx
-1+ %X

Optimal (type 3, 6leaves, 2 steps):
—~ArcTanh [e"]

Result (type 3, 23 leaves):

1 1
~Log[1-e*] - = Log[1+ e
A og[1- e A og[1+eX]

Problem 35: Result more than twice size of optimal antiderivative.
JCot[x]3 Csc[x] dx
Optimal (type 3, 11leaves, 2steps):

Csc[x]?3

3

Csc[x] -

Result (type 3, 57 leaves):
5 X 1 X X,2 5 X 1 X2 X
— Cot| =] - —cCot|=]|Csc|—]| + —Tan|[—]| - —Sec|[—]| Tan|—
12 ° [2] 24 ° [2] sc[z} 12 an[z] 24 ec[z} an[z]

Problem 41: Result more than twice size of optimal antiderivative.
J Sin[x] dx
1+Sin[x]

Optimal (type 3, 11leaves, 2 steps):

Cos [x]
X+ ————————
1+Sin[x]
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Result (type 3, 25leaves):
2sin[ %]

Cos[?] +Sin[§]

Problem 51: Result unnecessarily involves imaginary or complex numbers.
1
Ji dx
x—alixE
Optimal (type 3, 22leaves, 3 steps):

ArcTan | @}

a

Result (type 3, 35leaves):
i Log[-*2+ 2/t ]

X

a

Problem 56: Result more than twice size of optimal antiderivative.

1
J dx
VX - x?

Optimal (type 3, 8leaves, 2 steps):
-ArcSin[1-2x]

Result (type 3, 38 leaves):
2+/-1+x \/7Log[\/—1+x +\/?}

- (-1+x) x

Problem 63: Result more than twice size of optimal antiderivative.

1+ Tan[x]?
J; dx
1-Tan[x]?

Optimal (type 3, 11leaves, 2 steps):
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1
— ArcTanh[2 Cos[x] Sin[x]]
2

Result (type 3, 23 leaves):

- 1 Log[Cos[x] -Sin[x]] + 1 Log[Cos[x] +Sin[x]]
2 2

Problem 64: Result more than twice size of optimal antiderivative.

J(a2 ~4Cos[x]2)**sin[2x] dx

Optimal (type 3, 18leaves, 3 steps):

% <a2—4Cos[x]2)7/4

Result (type 3, 127 leaves):
1

7 (-2+a*-2Cos[2x])"*

-2+a%?-2Cos[2x]

-4 (-2+a%) Cos[2x] +2Cos[4x]

~2+a%-2Cos[2x] V4
6—4a2+a4—4[ [ ])

1/4 2 1/4
-2+ac-2Cos[2X
, +4a2[ —a4[ [2X]
-2+a

-2 +a?

-2+a?
Problem 65: Result more than twice size of optimal antiderivative.
J Sin[2x] dx
(a?-4sin[x]?)"?

Optimal (type 3, 18leaves, 3 steps):

32 (a®-4sin[x]?)*?
8

Result (type 3, 67 leaves):

3 (-2+a%+2Cos[2x])%? (_1+ (M@L)ZB)

-2+a?

~2+a2+2Cos[2x] | 2/3
8
-2+a?

Problem 76: Result more than twice size of optimal antiderivative.

JCsc[x]5 dx
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Optimal (type 3, 26 leaves, 3 steps):

3 3 1
- = ArcTanh[Cos[x]] - — Cot[x] Csc[x] - — Cot[x] Csc[x]>
8 8 4

Result (type 3, 71leaves):
X,2 1 X4 3 X 3 X 3 X,2 1 X

—iCsc[;] —aCsc[g] —gLog[Cos[;H+§Log[sin[g]}+3f25ec[g] +6f4$ec[£}4

Problem 99: Result more than twice size of optimal antiderivative.
-5+ 2x?
Ji dx
6-5x2+x*
Optimal (type 3, 31leaves, 3 steps):
ArcTanh| =]  ArcTanh[ ]
vzl V3
V2 V3
Result (type 3, 69 leaves):
i (3\/7Log[\/7—x] +2\/?Log[\/?—x} —3\/7Log[\/7+x] —2\/?L0g[\/?+x])
12

Problem 113: Result unnecessarily involves imaginary or complex numbers.

1
Jid]x
1+ x%2+x4

Optimal (type 3, 67 leaves, 9 steps):
ArcTan[+2X]  ArcTan|*2X]
- ER + V3 —lLog[l—Xerz}+lLog[1+x+x2}
2/3 2/3 4 4
Result (type 3, 73 leaves):
i ( 1-i /3 ArcTan[ [-i+v/3 | x] V1413 ArcTan[ (i+V3)x]

Ve
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Problem 193: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(b1+c1x) (a+2bx+cx2)"d1x

Optimal (type 5, 159 leaves, 2 steps):

-1-n
2" (blc-bcl) [@] (a+2bx+cx2>1*” Hypergeometric2F1[-n, 1+n, 2+n, @}

c1<a+2bx+cx2)1+n Jorac b2 ac
2c (1+n) cVb?-ac (1+n)
Result (type 6, 471 leaves):
1
—(b—x/bz—ac +cx| (a+x (2b+cx))"
2
2
[3(b+x/b2—ac]c1x2 a+(b— b>-ac | x AppellFl[z,—n,—n,B,— ex , ex )/
b+vb2-ac -b++/b%2-ac
cx cx

(a+x (2b+cx))

-3aAppellF1[2, -n, -n, 3, -

+

[(—b+x/b2—ac](b+xlb2—ac +CX ,
b+vbZ-ac -b+vb%2-ac

C X cx
7b+«/b27ac]AppellF1[3, 1-n, -n, 4, - s ] - (b+x/b27ac)AppellF1[3, -n,1-n, 4,
b+vb2-ac -b++/b?-ac

-n
21 b1 [@) Hypergeometric2F1[-n, 1+n, 2+n, @]

CcX CcX ]]} b%-ac 2+/b%-ac
_ s i
brvb2-ac -b+/b?-ac c(1+n)

nXx

Problem 198: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(b1+c1x) (a+2bx+cx2)’"d]x

Optimal (type 5, 169 leaves, 2 steps):
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-1+n
27" (blc-bcl) [@] (a+2bx+cx2)1’n Hypergeometric2F1[1-n, n, 2-n, @}

c1<a+2bx+cx2)1’n Jorac b2 ac
2c (1-n) cVb?2-ac (1-n)
Result (type 6, 374 leaves):
1
—(a+x(2b+cx))’”
2
cx cx cx cx
—([Bacl x? AppellF1[2, n, n, 3, - , }J/ (—BaAppellFl[z, n, n, 3, - s |+
b+vbZ-ac -b+vb%2-ac b+vbZ-ac -b+ib%2-ac

nXx

cx cx
b+x/b2—ac]AppellFl[B,n,1+n,4,— s |+

b+vb2-ac -b++/b?-ac

c X Cc X
[b—\/ﬁ)APpellFl[%l*”’”""’ ]m

3
b+vVb2-ac -b++/b%2-ac

n
21" b1 (b—\/ b2-ac +cx) (L’* bt-ac “X] Hypergeometric2F1[1-n, n, 2-n, “berfbac cx =]
b’-ac 2+4/b%-ac

C (—1+n)

Problem 217: Result unnecessarily involves higher level functions.

J;dx
(—1+x)2/3x5

Optimal (type 3, 104 leaves, 8 steps):

1-2 (-1+x) Y3
(—1+x)1/3+11(—1+x)1/3+11(—1+x)1/3+55<—1+x)1/37110APCTan[ ] +§Log[1+(71+X)1/3]755Log[x]
4xt 36 x3 27 x2 81 x 813 81 243

Result (type 5, 63 leaves):

2/3
~81-18x - 33 x% - 88 x3 + 220 x* - 220 (*1“‘) x4 Hypergeometric2F1[ 2, 2, =, 1]
X

X

324 (—1+x>2/3x4
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Problem 221: Result unnecessarily involves higher level functions.

ATrx (1-x2)Y*
\/1 X \/1 x—\/1+x)

dx

Optimal (type 3, 304 leaves, 33 steps):

7 (1-x2)5/4 54
i(l—x)3/4 (1+X>1/47i(17X)1/4(1+X>3/4+l<17X>5/4<1+x)3/4+ ( x) ( > +Em<1ixz>5/4i
16 16 ” T

3ArcTan[1- Y2020 gapcTan (14 Y20 ggq, A V2 QM g0 A W2 0t
(1+x) /4 . (1+x) ¥4 . 1+X (1+x) ¥4 ) VT Y
82 82 87 e
Result (type 5, 165 leaves):
t 1+ X (17x2)1/4 ,7+zx+gxzim(29+22x+8x2) )

48 1+X

(—2 (-1+x) - (—1+x>2>1/4 Hyper‘geometr‘icZFl[i—, 41, i, =] s (—2 (-1+x) - (—1+x)2)3/4

Hyper‘geometr‘icZFl[i, 2,z

8 214 (14+x)%* 24 . 23/4 (1+x)3/4

Problem 222: Result unnecessarily involves higher level functions.

dx

V1-x x (1+x)2/3
J (1-x)5/8

(1+X)1/3+ (17X)2/3 1+x

Optimal (type 3, 292 leaves, ? steps):

S ek (1) (1) BT X x VT ex - (1ox) (34 +
12 4 4

1 1
S 1ox)Y3 (1 2/3 (1,3 1 ox)V8 (1 5/6 (5, 3%) - — (1-x)56 (1 176 (19,3
1R (L) (130 e (1Y (1) (2030 - (1% (1) (1003%) -

A-x)Y3-2 (100 Y2 3 (1-x) Y5 (14x)Y/6
lArcTan[ <1+X>1/6} ) 4Ar‘cTan[ V3 (103 ] 75Ar-cTan[ (1—x)1/3_ <1+x)1/3] ) Ar‘cTanh[ 130 Vo L) }
6 <1—X>1/6 3\/? 6 (17)()1/6 (1+X)1/6 6\/?

Result (type 5, 391 leaves):
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22/3 (—2 (-1+x) - (—1+x)2)1/3 Hyper‘geometr‘icZFlE, i, i, 1;—"]

3 (1+X)1/3
3 (1-x)3 2 2+3 1_x2 10 + 3 1_x2)5/6
)2 | (1oax) (ox)rrs PRI iy e (k) (1o (222XIVEE(103x) [10¢) 70
12 <1—X2)1/3 (17)( 1/3 1+X
7 (-2 (-1+x) - (-1+x)2)7° Hypergeometric2F1|2, 2, 1 1x
4. %3 Hyper‘geometr‘icZFl[l, 1, i, 1+X} - ( ( )~ ) ) [6, 6’ 6” 2 ) .
3 3 3 2 39 . 25/6 (1+x>5/6

(1+x)¥2J2 (1+x) - (1+x)2 Hypergeometric2F1[ 2, 2, 5, BX| (1-x)¥3 /T2 x (1+x)¥CLog[vV-1+x +/1+x |
+

6 2°/°4/1-x 2 (2 (1+x) - (14%)7)7°

Problem 226: Result unnecessarily involves higher level functions.

J ! dx
((~21+%)% (1+x))*7

Optimal (type 3, 67 leaves, ? steps):

1+ 2 (-1+x
(-1+x)2 (14x) )3 1 3 -1 +x
V3 Ar‘cTan[ < : ) }—*Log[1+x]—fLog[1—

V3 2 2 “—1+xy(1+x”1”}

Result (type 5, 49 leaves):
3(-1+x) (1+x)*? Hyper‘geometricZFl[i, i, 4, ]

zws(p1+xy(1+@)”3

Problem 228: Result unnecessarily involves higher level functions.

J\((1+X)2(1+X)) i

x2

Optimal (type 3, 150 leaves, ? steps):
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1- 2 (-14x)

C1ax)2 (1ax) )Y Ar-cTan[ s ] 1*%
- (( ) ( )) - V3 —\/?Ar‘cTan[ ((-14x)2 (14%) )72 ] .
x V3 V3
Log [x] —ELog[1+x]—iLog[1— X 1/3]—1L0g[1+ L 1/3]
6 3 2 ((—1+X)2(1+X>) 2 ((—1+X)2(1+X>)
Result (type 6, 145leaves):
1 ((_1+x>2 <1+x)>1/3 _E_ 4xAppe11F1[1, l, E, 2, l, —l] /
2 X 3 3 X X
[(—1+x) (1+x) |6xAppellF1|1, 1,25, 5, —3] - 2 AppellFi|2, 128, -3] + AppellF1[2, 425 1 _1] )_
3 3 X X 3 3 X X 3 3 X X
3. 2%/3 Hyper‘geometr‘icZFl[%, %, i, 1;"]
(1_X)2/3

Problem 232: Result unnecessarily involves higher level functions.

J 1 dx
(9+3x—5x2+x3)1/3

Optimal (type 3, 75leaves, ? steps):

1+ 2 (-3+X
(9+3x-5 x2+x3)1/3 1 3
} - —Log[1l+x] - fLog[l—

-3+X ]
3 2 2 (9+3x—5x2+x3)1/3

\/? Ar‘cTan[

Result (type 5, 49 leaves):

3(-3+x) (1+x)*? Hyper‘geometr‘icZFl[i, i, i, 3;1—)‘}

22/3 ((—3+x)2 (1+x))”3

Problem 245: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J X dx
4+ x+x2 5+4x+4x?
( v

Optimal (type 3, 63 leaves, 5 steps):
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11

ArcTan { A/ 5+4 x+4 x? } ArcTanh [ =

Vi1 5+4 x+4 x?

\/11 165
Result (type 3, 426 leaves):

(1+2 x)

(]-l +m) Ar‘cTan[ -4~/15 /15 x-/15 x2-4~/11 +/5+4 x+4 %2 ] (_].l +\/E) Ar‘CTan[4\/ﬁ+mx+\/§x274md5+4x+4xz ]

16+15 x+15 x? 16+15 x+15 x?

— " e "
i (-1 V15 ) Log[(-i+v15 -2 x)” (1+315 +2ix)°] i (i+V15 ) Log[(-i+VI5 ~2ix)" (115 +21ix)°]
4165 ) 4+/165 7
i (i+V15 ] Log[(4+x+x?) (43+52x+52x2 - V165 V5 +ax+4ax? -2/165 x5+ ax+ax? ||
4+/165 )
i(-i+V15 ] Log[(4+x+x?) (43+52x+52x% + /165 /5+ax+4x? +2/165 x\/5+ax+4ax? |]
4165

Problem 246: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

3+X
dx
J (1+x2) VI+x+x?
Optimal (type 3, 56 leaves, 5 steps):

1-
—Zx/?Ar‘cTan[—X] +\/?Ar‘cTanh[—]
\/?\/1+X+X2 \/?\/1+X+X2

Result (type 3, 352leaves):

G+ i) (-1)** ((4+21) ArcTan[[(-7+12 i)+ (12+250) 440 (-1) Y4 1o x4 +x2
(-4+374) - (10-301) Vo J1exex®

(4-21) ArcTan[((-7-1zi) +(12-251) x> + 20 (—1)1/4m+x2 ((5—281’1) -40 (-1)%* 1+ x+ X2

(-4-37i) + (30+101i) V2 J1exex®

2Log[1+x?] - (1+21) Log[(5+41i)+ (8+41)x+ (5+41)x?+8 (-1)"*J1exex? +4 (-1)Y x~[1+x+x2 ] -
(1-21) Log[(5+4i)+ (8+4i)x+ (5+41)x*+4 (-1)"* y14x+x? +8 (1) x~/14x+x? ]

1+x

(5+281) +20 (—1)3/4x/1+x+x2

J((1-364) + (32-114) x+ (5+1614) 2+ (4+251) X°) ] +

+

X

+

X /((-49+361) - (48-611i) x- (45-641) x>+ (4+251) %) ] +
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Problem 247: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1+2X%
J dx
V-1+6x+x* (4+4x+3x?)
Optimal (type 3, 70leaves, 5steps):

(2%

5ArcTan | 2 | ArcTanh| M)—]
2/ -1+6 x+x2 \/ -1+46 x+x?
614 37

Result (type 3, 991 leaves):
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1 1
2 (-i+4+/2 ) ArcTan][|7840 -5816 i V2 +18 (1124371 V2 | x*+3564 1 |7 (7+40V2 | \[-146x4x? +
8v1ia 74412
ix? (5622414 +29126/2 - 99 7(7+4jﬁ) Jo1+6x+x2 | —72ix |-5461 +265+/2 - 11 7(7+4jﬁ) Jo1+exex® |+
3x3 |1456 + 7564 i \/2 - 693 i 7(7+41ﬁ) J-1+6%x+x2 J/(98361-56@0\/7+36(-10831+560\/?)x+

1

~7+4i+2

2 (i+4V2 | ArcTanh[ (4 (6344 -700 /2 +18 (4771 +140V/2 | x+ (9847 i + 977272 | x? + 12 (947 1 +644/2 | x* + 9 (4211 + 1122 | x4))/

(-41651 478176 /2 | x?+ (-91506 i + 61824 /2 | x*+ 9 (-1487 1 +896 V2 | x*)] -

+

[-9 (1228 +37/2 | x4+36x(5461’1+265\/7+44\/—98+561’1\/7 J1e6x+x?

3x3 (—728]’1—3782\/2 +994/-98 15612 ~/-1+6x+x2 +4[—980]’1+727\/2 +297+/-98+561 2 ~/-1+6x+x?

281125 - 14563/2 +1287+/ 98 +56 i /2 Jo1eexex? ||]

(14412 | Log[o (4+4x+3x2)%] (i+42 | Log[o (4+4x+3x2)?] 1

. _
7+4i2 “7+4i+2 “7+4i/2

(1+4V2 ) Log[(4+ax+3x)

-1011-14\/7+2(-2j+7\/7) x2+91'1\/7 (-7+41\/7) J-1+6x+%x2 +x
1

74412

+

X2

1861 +84+/2 -7i |7 (—7+4i\/7) J-1+6x+x2

(-53i+14v2 ] x?+2x (—541’1+42\/7—J’1\/98+56J’1\/7 Jo146x+x?

|

Problem 248: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

} _

i (—Ji+4\/7) Log| (4+4x+3x?)

2i [26—711\/?+3\/98+561’1\/7 Jo1e6x+x?

B+AX
J dx
(17 - 18 x + 5 x?) V13 -22x+ 10 X2

Optimal (type 3, 80leaves, 5steps):
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(2A+B) ArcTan|[ =320 ] (A, B) ArcTanh [ —5 10

J13-22x10 %2 2/13-22x:10 %%
_ 35 _ 235
Result (type 3, 1149leaves):
! (((8721‘1) A+ (4-21)B)
8+/35

ArcTan| (4 A ((-2494-67461) + (3811+15444 i) x - (1900 + 11640 i) x* + (300 + 2800 i) x*) + (2+4 1) B2 ((-1843+921i) + (3955 +186 i) x -

(2327+336 ]1) X2 + (645+110 ]1) x3) + (4+8]’1) AB ((—3439—76 ]1) + (7427+942 j) X — (5354+1092 j) X2 + (124@+32@ j) x3))/

((1+2]i) B2 ((—608—12081’1) +(395+6101) x>+ (66-771) \/35 \/13—22x+16x2 +

X +

(1540 + 3036 1) - (104 - 103 i) /35 \/13—22x+10x2 (80-5491i) +10+/35 \/13—22x+10x2

+(4-31) %

A [(10987—321@ i) - (4800 -2800 i) x> + (748 + 187 i) /35 \/13—22x+10x2 +

10x2((1969—8921’1)+(34+17]‘1) V35 \/13—22x+10x2 -Xx | (25633-9460 i) + (1654 + 357 i) /35 \/13—22x+10x2 +

AB [(9519—6362 i) - (4225-42001i) x> + (792 +198 i) /35 \/13—22x+10x2 +

(18 +51i) x* | (828 -18711) +36+/35 \/13—22x+10x2 -x | (22801-16808 1) + (1116 + 378 i) /35 \/13—22x+10x2

)

((-2+81i) A= (2-41) B) ArcTanh| (A> ((3594-15991 i) - (8696 - 43289 i) X + (5996 - 39425 i) x* - (1400 - 12175 i) X°) +
(2+1i) B*((-367-32881) + (1085 + 8506 i) x - (1073 + 7336 i) X* + (355 +2110 1) X>) +

(4+2j) AB ((7114774952 ]l) + (3185+12882 j) X — (2993+11256 ]1) x2 + (955+3319 jl) x3))/

(2 ((2+i) B? ((—1208—6081’1) +(610+395i) x>+ (77-661) \/35 J13-22x+ 102

X ((3036+1546 i) - (183-1041i) /35 J13-22x+ 10 %2

+ (3-41) x?

+

(-80-5491i) +10/35 \/13—22x+10x2)

AB | (-9519-6362 i) + (4225+4200 i) x>+ (792-198 i) /35 \/13—22x+1@x2 +

+(10-5i) x* | (-828-18711) + 3635 \/13—22x+10x2 +

X ((22801+16898 i) - (1116 -378 1) /35 \/13—22x+10x2

A [(4see+zsee i) x*+x | (25633 +94601) - (1054 - 357 i) /35 J13-22x+ 10 %2

10i x* | (892-1969 1) + (17 +341i) /35 \/13—22x+10x2

+(1-41) [(1097277411) + (88 +1651i) /35 \/13—22x+10x2

-
2ALog[i (17-18x+5x%)| -2Blog[i (17-18x+5x*)] + (1-41)

A
Log [
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] +

(1-21)BlLog[(1+21) ((—127—15661’1) + (118 + 2844 i) x - (25+ 1350 i) x* + 68 i /35 \/13—22x+10x2 -701+/35 xx/13—22x+10x2
(1+41)

A

Log|

(2+1) {(1566+127J’1) - (2844 +1181i) x + (1350 + 25 i) x* - 68 /35 J13-22x+10x2 +70/35 x+/13-22x+ 10 %2

(1+21) ((—127—1566]’1) + (118 + 2844 i) x - (25+1350 i) x* + 68 i /35 \/13—22x+10x2 -701+/35 x\/13—22x+10x2

|+

]+

(1+21) BLog[(2+1) ((1566+127]’1) - (2844 +1181i) x + (1350 + 251 ) x* - 68 /35 \/13—22x+10x2 +70/35 x\/13—22x+10x2

)

Problem 249: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

-2+X
J dx
(17 - 18 x + 5 x?) V13 -22x+ 10 X2

Optimal (type 3, 38leaves, 2 steps):
Ar‘cTanh[JL(—)—35 1x

2+/13-22 x+10 X2
235

Result (type 3, 410leaves):

(—21’1Ar‘cTan[<4((—2+21’1> +5Xx) (13—22x+10x2))/ ((—819—1821’1) +350 %% + (44 +111) /35 \/13—22x+10x2 +

835

X

(1841 +3081i) - (62+21 1) /35 \/13—22x+10x2)+10x2 (-140-141i) + (2+1) V35 \/13—22x+10x2

] -

2iArcTan| ((7+141) ((-169-1161) + (419+2181) x - (335+140 1) x> + (85 +30 i) x3))/

((—1638+364J’1) +700 x> - (88-221) /35 \/13—22x+19x2 +20ix* | (14+1401) + (1+21) V35 \/13—22x+10x2

+

(4-21) x

(798 +2451) + (29+41i) /35 \/13—22x+19x2)

| +2Log[i (17-18x+5x?) | -

Log[(1+21) ((1566—127]‘1) - (2844 -1181i) x + (1350 -251) x* - 68 /35 \/13—22x+10x2 +70+/35 x\/13—22x+10x2

} _

]

Log[(2+1) ((1566+127]’1> - (2844 +1181i) x + (1350 + 251 ) x* - 68 /35 \/13—22x+10x2 +70+/35 x\/13—22x+10x2
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Problem 260: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
X (2-Tx7
JW (1—X3+ (1+X2>3/2)

dx

Optimal (type 3, 136 leaves, 32 steps):

8x x2 8+1+x*? 1 41 ArcSinh[x 4 1+3x
ex X eN~LEX _—x«/1+x2——[ J+—\/7Ar~cTan[ : +
9 6 9 6 54 27 22

4 1+X 7 1-x 7

— 2 Ar‘cTan[%}+fAr‘cTanh[7]—fLog[3+2x+3x2}
27 V2 iex2 o 27 2v/1+x2 54

Result (type 3, 947 leaves):

1+3x 1
96x-18x* -6 (~16+3x) \/1+x? - 82ArcSinh([x] +16/2 ArcTan| =] - 211(4“11\5)
108 2V2. Jii2ivz

ArcTan| (2 (169 (7-45+2 | -1716 4 (i +2V2 | x+ (-4622-50324 V2 | X~ 1716 & (-1 +2V/2 | x? + (1449 - 4356 i V/2 | x4))/

[7559 (—8]’1+7\/?) +9 (78811+383\E) X+ 12 x

230 (4]1+\/?)+729J1+2]1\/? J14x?

+

1

“142i4/2
920(4+1’1\/7)—72911\/—2+41’1\/?«/1+x2
3680 8621 V2 +5103i+\ 2412 J14x? /

17317 i +1352+/2 +3432 [1+2+/2 | x+2 (199311 +5032+/2 | x2+3432 (1 +2+/2 | x3+9 (25091 +968+/2 | x*| | -
]

(-i+11V2 | Log[o (3+2x+3x2)%] i [i+11V2 ) Log[9 (3+2x+3x?)?]

12 X3

36801 - 8622 +5832+/1+21 2 NER

230(41+\/?)+729\/1+2i\/? \/1+x2)+x2 ]+

2(i+11\/7)

ArcTan[[559 (8-7i+2)+9i (881+383V2 | x*+6561i1/-2+417/2 /14x? +3%
920 (4+1+/2 | 27208 2+4iV2 Af10%2

+

3 X + %2

14 Log[3+2x+3x?] - + . 1
1+2i+2 ~1+2iv2 ~1+2iv2
(1-128 V2 ) Log[(3+2x+3x%) [-7i+4V2 + [-7i+4V2 | X -2ix |-3447/-142iV2 /14 o —
1+2i+2

(-i+11V2 ) Log[(3+2x+3x?) (71111+4ﬁ+(711]1+4\/7) X2-61i2+4iV2 \J1+x® +2ix(3+1/2+4i2 /1%

!
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Problem 264: Result more than twice size of optimal antiderivative.

1
dx
J(1+x2) V2 x + x?

Optimal (type 3, 49leaves, 5steps):

ArcTanh [ —2*—|

—EAr‘cTan[ﬂ2x+x2 ] - V3 2wt
2 23

Result (type 3, 113 leaves):

1 xEex

-6 ArcTan]| /2XX | +V3 (Log[l—\/;] ~Log[1++/x | +Log[2-+/x +V/3 V2+x | -Log[2+/x +/3 V2+x ])J

6+/x (2+x)

Problem 294: Result unnecessarily involves higher level functions.

dx

J<_1+3X>4/3

x2

Optimal (type 3, 71leaves, 6 steps):

(—1+3x)4/3 1—2(—1+3x>1/3

12 (-1+3x)Y° - +44/3 ArcTan]|

X \E
Result (type 5, 59 leaves):

| +2Log(x] -6Log[1+ (-1+3x)"?]

2/3 .
C1_-6x+27x24+2 313 (37 i) xHypergeometr‘lczFl[f, f, 3, L}

X (—1+3x>2/3

Problem 296: Result unnecessarily involves higher level functions.

dx

J(1 - 2x1/3) %8

X

Optimal (type 3, 48 leaves, 6 steps):
4 (1-2x23)¥* s 6arcTan| (1-2xY3)"*] ~6ArcTanh| (1-2x/3)*]

Result (type 5, 62 leaves):
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4_8xl/3_g 234 (2_ L)l/“ Hypergeometr‘icZFl[i, i, >, ]

x1/3

(1—2x1/3)1/4

Problem 298: Result unnecessarily involves higher level functions.

J(hzﬂ) N

x2

Optimal (type 3, 193 leaves, 13 steps):
(F1e29x )0 s (e2vx )Y sancTan[1-v2 (-1 2% )] sarcTan[1442 (-12vx |7

+

X 2+/x 22 22
5Log[1-+2 (-1+2vx )" r/-1v2vx | stog[1+v2 [-1v2vx ) ifo1e2vx |
4-/2 ' 4-/2

Result (type 5, 72leaves):

3
~6+39X ~54x-5 21/ (27%) MxHyper‘geometr‘icZFl[i,i z, 1]
X

6 (—1+2\5)3/4x

Problem 301: Result unnecessarily involves higher level functions.

J = dx
X (—27+2x7)2/3

Optimal (type 3, 59 leaves, 5 steps):

Ar‘cTan[}Z —27+2x7)1/3] .
REl _ Loslx] +—Log[3+ (-27+2x7)*?]
21+/3 18 42

Result (type 5, 43 leaves):

2/3 .
3 (2— i%) Hyper‘geometr‘1c2F1[§, f, 2, %}

14 (-54+4x7)%7



Problem 302: Result unnecessarily involves higher level functions.

1 7\2/3
J& ix

X8
Optimal (type 3, 70leaves, 6 steps):

;23 2ArcTan|k2(2¥)”?
_(1+X> + [ V3 ] _LOg[X] +1Log[1_(1+x7)1/3]

7 x’ 7/3 3 7
Result (type 5, 54 leaves):

7

1/3 .
(1+x7)2/3 2 (1+ X%) Hyper‘geometr‘1c2F1[§, %, ;i, -1 ]

7 x7 7 (1+x7)1/3

Problem 303: Result unnecessarily involves higher level functions.

J<3+4X4)M

2

dx
X

Optimal (type 3, 68 leaves, 5 steps):
Ar‘cTan[—\&] Ar‘cTanh[—*@]

- (3+4x“)1/" . (3+4x“)1/4

X V2 vz
Result (type 5, 46 leaves):

(3 +4x4>1/4

3 B 3 3 17 4xt
i (3+4x4>1/4 X 4 x Hyper‘geometr‘1c2F1[4, 2’ a0 3 ]
X 3 33/4

Problem 304: Result unnecessarily involves higher level functions.

sz (3 +4x“)5/4 dx

Optimal (type 3, 93 leaves, 6 steps):

45 ArcTan | —*@] 45 ArcTanh | ﬂ]

(3+4x2) ¥/

. /
EXS <3+4X4)1/4+1X3 (3+4X4>5/4_ (34x4)1“ .

32 8 128+/2 128+/2
Result (type 5, 51 leaves):
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7  4x
T *—}
4

1. ( (3+4x*)Y* (27 + 16 x*) +5 - 3Y/* Hypergeometric2F1 |
3

32

Sjw

3
4:
Problem 305: Result unnecessarily involves higher level functions.
Jx"’ (3 +4x4)1/4 dx
Optimal (type 3, 93 leaves, 6 steps):
27 Ar‘cTan[ﬂ} 27 Ar‘cTanh[—\@]

(3+4x2)1/4 (3+4x4)/4

3 1

— 3 (3+4x4)1/4+7x7 (3+4x4)1/4+ -
128 8 512+/2 512+/2
Result (type 5, 51 leaves):

4 x4

7
e

X3
128

(3+4x%) /4 (3+16x*) -3 3% Hypergeometric2F1l |

2

B w

3

4

Problem 306: Result unnecessarily involves higher level functions.
J(x (1-x2))*3 ax

Optimal (type 3, 93 leaves, ? steps):

) Ar‘cTan[—(—(—)—)—zx' * 1_x22 11//33} ) 1
D (x (1-2))2 3 LA LB g (x (1-52) )27
2 23 12 4

Result (type 5, 56 leaves):

)

x (x-x3)? (72+2x27 (1-x2)%? Hyper‘geometr‘icZFl[f, % g, xz])

4 (-1+x?)
Problem 311: Result more than twice size of optimal antiderivative.
-1+ x?
J— dx
XxV1+3x%+x4
Optimal (type 3, 21 leaves, 3 steps):

1+ x2

V1+3x2+x4

ArcTanh [
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Result (type 3, 59 leaves):

1 (—Log[xz} +Llog[3+2x2+24/1+3x%+x* | +Log[2+3x?+2+/1+3x%+x* })
2

Problem 319: Unable to integrate problem.

1
J(3x+3x2+x3) <3+3x+3x2+x3)1/3

Optimal (type 3, 123 leaves, 9 steps):

ArcTan| -+ —2E2X 1 |og[1- ﬁl;m_/} Log[1 + ECLNE P ILIN LN F ]
3 316 (24 (14x)%)? (24 (14x)3) /3 (2+(1+X)3)2/3 (24 (14%)3) 22
- + -
3>/¢ 3313 6 31/3

Result (type 8, 34 leaves):
1

dx
J(3x+3x2+x3) (3+3x+3x2+x3)1/3

Problem 320: Result unnecessarily involves higher level functions.

J 1-x2 dx
(1+x2) V14 x4

Optimal (type 3, 23 leaves, 2 steps):
Ar‘cTan[@}

L1ex*

V2
Result (type 4, 40leaves):

(-1)** (ELlipticF[i ArcSinh[(-1)**x], -1] - 2E1lipticPi[-1, i ArcSinh[(-1)**x], -1])

Problem 321: Result unnecessarily involves higher level functions.

J 1+ x2 dx
(l—xz) V1+x4

Optimal (type 3, 23 leaves, 2 steps):
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ArcTanh | —\@]

14x*

V2

Result (type 4, 36 leaves):
(-1)%* (EllipticF [iArcSinh[(-1)"*x], -1] - 2EllipticPi[i, ArcSin[(-1)%*x], -1] )

Problem 324: Unable to integrate problem.

J 1+ x2 dx
(1-x2) V1+x2ext
Optimal (type 3, 26 leaves, 2 steps):

ArcTanh | —\@]
4/ 1+xZex?
V3

Result (type 8, 29 leaves):

1+x2
J dx
(1-2) V1+x?+x?

Problem 325: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1-x2
J dx
(1+X2) V1+x2+x?t

Optimal (type 3, 15leaves, 2 steps):

—r ]

Result (type 4, 94 leaves):
1

V1+x2+xt

(-1)22 /14 (-1)3 % J1- (-1)%° % (EllipticF[j Arcsinh[ (-1)*/®x], (-1)%?] +2E1lipticPi[ (-1)*3, -1 Arcsinh[(-1)%°x], (71)2/3})

Ar‘cTan[

Problem 327: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

1-x2

dx

J(1+2ax+x2)

Vi+2ax+2bx2+2ax3+x4

Optimal (type 3, 74 leaves, 1step):

ArcTan { a+2 (1+a’-b) x+ax?
2 /1-b \/ 1+2ax+2bx?+2ax3+x*

V2 \/1-b
Result (type 4, 17955 leaves):

(2a (x-Root[1+2anl+2bm12+2an1®+11%&, 2])?

EllipticF[ArcSin|./(((x-Root|[1+2anl+2bul®+2au1®+11*&, 1]) (Root[1+2anl+2bnl®+2an1®+n1*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1* &, 2])
(Root[1+2anl+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))],
~(((Root[1+2an1+2bn1?+2an1®+n1* &, 2] ~Root[1+2anl+2bu1?+2an1®+n1* 8, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /

((-Root[1+2aml+2bnl?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bnl?+2anl’®+nul1*g,
2] -Root[1+2anl+2bul*+2aul®+ul* g, 4])))] (-a+x/-1+a2 ~Root[1+2anl+2bnl?+2anl’+n1* g, 1]]-

EllipticPi[[(a—\/—1+a2 +Root[1+2anl+2bnl?+2an1®+n1t g, 2}) (-Root[1+2anl+2bul?+2an1®+u1*&, 1] +

Root[1+2anl+2bnl?+2an1®+n1*g, 4}))/ [(aﬂ/fhaz +Root[1+2anl+2bnl?+2an1®+n1t g, 1]]

(-Root[1+2anl+2bnl?+2an1®+n1* &, 2] +Root[1+2anl+2bul?+2aul’+ul g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+u1* &, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2an1+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))],
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bul®+2anl®+nl*g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2an1’+11*g, 4])) /
((-Root[1+2aml+2bu1?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+nu1* &, 3])
(Root[1+2anl+2bu1?+2an1®+n1*&, 2] -Root[1+2anl+2bul®+2anl’+ul*g, 4])))]

(-Root[1+2anl+2bu1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl®+11* g, 2}))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bul?+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2anl®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl’+11* &, 3])))

J(((x-Root[1+2anl+2bt1?+2an1®+11%&, 1]) (Root[1+2anl+2bnl?+2an1®+01%8, 2] -
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Vo FRVAR

Root[1+2an1+2bu12+2an13+n14&, 4”)/((xL—Root[1+2attl+2b1:tlz+2attl3+t;14&, 2])
(Root[1+2aml+2bn1?+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+nu1*&, 4])))
V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bnl%+2au1®+n1* g, 2])
(x-Root[1+2anl+2bu1?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bul?+2an1®+nl*g&, 2])
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bul?+2anl’+u1*g, 4])))

(-Root[1+2anl+2bu1?+2anl’+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl*g, 4]))/

[\/1+2bx2+x4+2a (x +x?)
(a—x/—1+a2 +
Root[1+2anl+2bnl?+2anl®+nl*g, 1])

(—a+x/—1+a2 ~Root[1+2anl+2bn1?+2an1®+n1tg, 2})

(-Root[1+2anl+2bu1?+2anl®+11*&, 1] +
Root[1+2anl+2bul?+2an1®+u1*&, 2])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bnl?+2anl’+nul1*g, 4})) +

(x-Root[1+2anl+2b=12+2an1% +11% &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 & 1]) (Root[1+2anl+2bnl®+2an1®+n1*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+n1* g, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl®+n1*&, 4])))],
~(((Root[1+2anl+2bm1?+2an1®+n1*&, 2| -Root[1+2anl+2bnl?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2aml+2bul*+2au1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bul?+2anl’®+ul1*g,

2] -Root[1+2anl+2bu1?+2an1®+n1*&, 4]))) | (—a+x/—1+a2 ~Root[1+2anl+2bnl?+2an1®+u1* g, 1]]-
EllipticPi[[(a—\/—lJraz +Root[1+2anl+2bnl?+2an1®+n1t g, 2}) (-Root[1+2anl+2bul?+2anl®+u1*&, 1] +
Root[1+2anl+2bnl?+2an1®+ a1t g, 4}))/[(a7\/—1+a2 +Root[1+2anl+2bu1?+2an1®+ 118, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2an1®+n1t g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+nl*&, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1* &, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+u1*&, 4])))],
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2| -Root[1+2anl+2bnl®+2anl®+nl* g, 3])
(Root[1+2aml+2bm12+2am13+11% &, 1| ~Root[1+2anl+2bnl12+2anl®+n1*g, 4])) /



Mathematica 11.3 Integration Test Results for Timofeev Problems.nb | 25

ERVAENG

((—\RootL[l+2a1:tl+2b1:t12+2attl3+ttl4&, 1J] +RootL[1+2au1+2bn12+2an13+n14&, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1>+2anl’+u1*8, 4])))]

(-Root[1+2anl+2bul?+2anl®+n1* &, 1] +Root[1+2aul+2bul®+2anul®+ul* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+n1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+n1*&, 1] +Root[1+2anl+2bul?+2an1’+11* &, 3])))

V(((x-Root[1+2anl+2bu1*+2an1’+11*8&, 1]) (Root|[1+2anl+2bul®+2anul®+nl*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bu1?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bul?+2anl’+11* &, 4])))

(-Root[1+2anl+2bul?+2anl’+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl*g, 4]))/ («/-1+a2

\/1+2bx2+x4+2a (x+x3)
(a—x/—1+a2 +Root[1+2anl+2bnl?+2anl’+ 11t g, 1]]
(—a+x/—1+a2 ~Root[1+2aml+2bnl?+2an1’+nul g, 2})

(-Root[1+2anl+2bu1?+2an1®+11*&, 1] +
Root[1+2anl+2bul®+2anl®+nl* g, 2|)

(Root[1+2an1+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+u1*8, 4})) -

(az (x-Root[1+2arl+2bu12+2a51%+ 0148, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 &, 1]) (Root[1+2an1+2bnl®+2an1®+n1*g, 2] -

Root[1+2anl+2bul?+2an1®+u1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*g, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1®+n1*&, 2| -Root[1+2anl+2bnl?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2aml+2bn1*+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bnl?+2anl’®+nul1*g,

2] -Root[1+2anl+2bul*+2aul®+ul* g, 4])))] (—a+x/—1+a2 ~Root[1+2anl+2bul?+2an1®+u1*g, 1]] -
EllipticPi[[(a—\/—1+a2 +Root[1+2anl+2bn1?+2an1®+n1t g, 2}) (-Root[1+2anl+2bu1?+2anl®+n1* &, 1] +

Root[1+2anl+2bnl?+2anl®+n1*g, 4}))/ [(aﬂ/fhaz +Root[1+2anl+2bnl?+2an1®+n1* g, 1]]

(-Root[1+2anl+2bnl?+2an1®+n1*8&, 2] +Root[1+2anl+2bnl?+2anl’+nul* g, 4})],
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ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+n1*&, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2an1®+u1*&, 4])))],
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2anl®+nl*g, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bul?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+nu1* &, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 2| -Root[1+2aul+2bul>+2anl’+u1*g, 4])))]

(-Root[1+2anl+2bu1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2an1®+1n1* g, 2}))

V(((-Root[1+2anl+2bul?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2au1®+nl* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*&, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1] +Root[1+2anl+2bnl?+2an1’+11* &, 3])))

V(((x-Root[1+2an1l+2bu1?+2an1®+u1*&, 1]) (Root[1+2anl+2bul?+2anl®+n1*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bul?+2au1®+n1* g, 2])
(x-Root[1+2anl+2bul?+2anl®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl’+11* 8, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bnl?+2au1®+n1* g, 4]))/ (\/—1+a2

\/1+2bx2+x4+2a (X+X3)
(a—x/_1+a2 +Root[1+2anl+2bu1?+2an1®+ 1148, 1]]
(—a+x/—1+a2 ~Root[1+2anl+2bul?+2an1®+ 118, 2})

(-Root[1+2anl+2bu1?+2anl’+11*&, 1] +
Root[1+2anl+2bul?+2an1®+nu1*&, 2])

(Root[1+2an1+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bnl?+2anl’+n1*g, 4})) -

(x/-1+a2 (x-Root[1+2aml+2bm12+2am?+ 1% &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 & 1]) (Root[1+2anl+2bnl®+2anu1®+n1*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*g, 2])
(Root[1+2an1+2bn1%+2an1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
~(((Root[1+2an1+2bn1?+2an1®+n1* &, 2] ~Root[1+2anl+2bu1?+2an1®+n1* 8, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’®+u1*g, 4])) /
((-Root[1+2aml+2bn1?+2an1®+11*&, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3|) (Root[1+2anl+2bnl?+2anl’®+nl1*g,

2] -Root[1+2anl+2bul*+2aul®+ul* g, 4])))] (-a+x/-1+a2 ~Root[1+2anl+2bnl?+2anl’+n1* g, 1]] -
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EllipticPi[[(a—w/—1+a2 +Root[1+2anl+2bnl?+2anl®+n1* 8, 2}) (-Root[1+2anl+2bul?+2anl®+u1*&, 1] +

Root[1+2anl+2bul?+2anl®+u1g, 4}))/ [(a-x/-1+a2 +Root[1+2anl+2bnl?+2an1’+ 01t 8, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2anl®+nlt g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bn1?+2an1®+n1*&, 1|) (Root[1+2anl+2bul?+2anl®+ul1*&, 2| -
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+u1" &, 1] -Root[1+2anl+2bul’+2anl’+ul1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1*g, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bm1?+2an1’+11%&, 4])) /
((-Root[1+2anl+2bn1?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+nu1* &, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 2] -Root[1+2aul+2bul>+2anl’+u1*g, 4])))]

(-Root[1+2anl+2bnl?+2an1®+n1*&, 1| +Root[1+2aml+2bnl?+2anl’+ul1* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g&, 2|)
(-Root[1+2am1+2bu1?+2an1®+11* &, 1] +Root[1+2anl+2bu1?+2am13+11% &, 3])))

V{((x-Root[1+2aul+2bu1*+2anl’®+u1*&, 1]) (Root|[1+2aul+2bul?+2anl®+ul*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2am1®+n1* &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1] +Root[1+2anl+2bul?+2au1®+n1* g, 2])
(x-Root[1+2anl+2bul?+2anl®+u1*&, 4])) / ((x-Root[1+2anl+2bul®+2anl®+nul*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1] +Root[1+2anl+2bnl?+2anl’+11* &, 4])))

(-Root[1+2anl+2bu1?+2an1®+u1*&, 1| +Root[1+2anl+2bnl®+2au1®+nl* g, 4]))/

(\/1+2bx2+x4+2a(x+x3)
( -+/-1+a? +Root[1+2anl+2bnl%+2an1®+n1*g, 1]]

( a++/-1+a? -Root[1+2aml+2bul?+2an1’+nu1*g, 2})

[ 1+2anl+2bnl?+2anl®+11* g, 1}+
Root[l 2aml+2bnl?+2an1®+ 11t g, 2])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+ul1*g, 4})) + [2

a
(x-Root[1+2anl+2bm2+2an1®+11* &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 & 1]) (Root[1+2anl+2bul®+2au1®+nl*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1%&, 4|)) / ((x-Root|[l+2anl+2bnl?+2anl’+n1* &, 2|)
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A a4

(Root[i+2au1+2bu12+2an13+n14&, 1}J—IR/oot[\l+2a111L+2b1:t12+2a1:t13+1:t14&, a1,
- (((Root[1+2anl+2bu1?+2anl’®+u1*&, 2] ~Root[1+2anl+2bnl®+2an1®+nl*g, 3])
(Root[1+2an1l+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bnl?+2an1®+11*&, 1] +Root[1+2anl+2bul?+2an1®+n1* &, 3]) (Root[1+2anl+2bul?+2anl’®+nul1*g,

2| -Root[1+2anl+2bnl?+2au1®+11* g, 4]))) ] (—a-«/-1+a2 ~Root[1+2anl+2bul?+2an1®+n1* g, 1]] -
EllipticPi[((a+w/—1+a2 +Root[1+2anl+2bnl?+2an1®+ 118, 2}) (-Root[1+2anl+2bu1?+2anl®+n1* &, 1] +
Root[1+2anl+2bul?+2anl®+ g, 4}))/ [(a+x/-1+a2 +Root[1+2anl+2bnl?+2anl®+ 01t 8, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl®+2anl®+nlt g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bn1?+2an1®+n1*&, 1|) (Root[1+2anl+2bnl?+2anl®+n1*&, 2| -
Root[1+2anl+2bul?+2an1®+u1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul’+2anl’+u1*&, 4])))],
~(((Root[1+2amnl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1*g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2anl+2bul?*+2aul®+11*&, 1] +Root[1+2anl+2bnl?+2anl®+nul* g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1>+2anl’+u1*g, 4])))]

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root[1+2aul+2bul®+2anul®+ul* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+n1*&, 1] +Root[1+2anl+2bul?+2an1’+n1*8, 3])))

V(((x-Root[1+2anl+2bul*+2an1’+11*&, 1]) (Root|[1+2anl+2bnul®+2anul®+nl*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+u1*&, 4])))

V(((-Root[1+2anl+2bu1®+2anl®+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bul?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1* &, 1| +Root[1+2anl+2bul?+2anl’+11* &, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root [1+2anl+2bnl®+2an1®+n1* g, 4]))/

(\/1+2bx2+x4+2a (x+x3)
(a+\/71+az +Root[1+2anl+2bu1?+2an1®+ 1148, 1]]
(7aﬂ/71+a2 ~Root[1+2anl+2bul?+2an1®+n1* g, 2})

(-Root[1+2anl+2bu1?+2anl’+11*&, 1] +
Root[1+2atl+2bnl?+2an1®+n1*g, 2])
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(Root[1+2anl+2bnl?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+u1*g, 4})) -
(x-Root[1+2anl+2bm2+2an1®+u1* 8, 2])?

(EllipticF[Ar‘cSin%/(((X—Root[1+2attl+2bttlz+2att13+tt14 &, 1]) (Root[1+2an1l+2bn1®+2an1®+n1* g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2aml+2bn1?+2an1®+11*&, 1] -Root[1+2anl+2bul®+2anl’+u1* g, 4])))],
- (((Root[1+2amnl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+nl*g, 3])
(Root[1+2an1l+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bul?+2au1®+11*&, 1] +Root[1+2anl+2bul?+2an1®+n1* &, 3]) (Root[1+2anl+2bul?+2anl’®+nul1*g,

2] -Root[1+2anl+2bul?+2au1®+11* g, 4])))] (—a-«/-1+a2 ~Root[1+2anl+2bul?+2an1®+m1*g, 1]] -
EllipticPi[((a+w/—1+a2 +Root[1+2anl+2bul?+2anl®+ 118, 2}) (-Root[1+2anl+2bu1?+2anl®+n1* &, 1] +
Root[1+2anl+2bul?+2anl®+ g, 4}))/ [(a+x/-1+a2 +Root[1+2anl+2bnl?+2anl®+ 01t 8, 1]]

(-Root[1+2anl+2bu1?+2an1’+u1*&, 2] +Root[1+2anl+2bnl?+2anl®+nlt g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bn1?+2an1®+n1*&, 1|) (Root[1+2anl+2bnl?+2anl®+n1*&, 2| -
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2anl+2bnl?+2an1®+n1* &, 1] -Root[1+2anl+2bul’+2anl’+ul1*&, 4])))],
- (((Root[1+2amnl+2bu1?+2anl’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1*g, 3])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bn1?+2an1’+11*&, 4])) /
((-Root[1+2aml+2bn1?+2an1®+11*&, 1] +Root[1+2anl+2bul?+2an1®+u1* &, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1>+2anl’+11*8, 4])))]

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root[1+2aul+2bul?+2anul®+ul* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2au1®+n1* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+n1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+n1*&, 1] +Root[1+2anl+2bul?+2an1’+11* &, 3])))

V(((x-Root[1+2anl+2bu1*+2an1’®+u1*8&, 1]) (Root|[1+2anl+2bul®+2aul®+ul*g, 2] -

Root[1+2anl+2bn1?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+n1*&, 4])))

V(((-Root[1+2anl+2bu1*+2anl®+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl* g, 2J)
(x-Root[1+2anl+2bn1?+2anl®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*&, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bul?+2anl’+11* &, 4])))

(-Root[1+2anl+2bu1?+2anl’+u1*&, 1| +Root[1+2anl+2bul®+2aul®+nl*g, 4]))/ («/-1+a2

\/1+2bx2+x4+2a (X+X3)
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(a+«/—1+a2 +Root[1+2anl+2bm1?+2am1®+ 1148, 1]]
(7a4/71+a2 -Root[1+2anl+2bul?+2an1’+n1* g, 2})

(-Root[1+2anl+2bul?+2anl’+u1*g, 1] +
Root[1+2anl+2bnl?+2an1®+nl* &, 2|)

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+u1*g, 4})) +
(az (x-Root[1+2anl+2bn1?+2ar1®+u1%g, 2])?

(EllipticF[Ar‘cSinh/(((X—Root[1+2a111+2b1112+2at113+1114 & 1]) (Root[1+2an1l+2bn1®+2an1®+n1*g, 2] -

Root[1+2anl+2bul?+2an1®+u1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+ul1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1’®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1* g, 3])
(Root[1+2an1l+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bu1?+2an1’+11%&, 4])) /
((-Root[1+2anl+2bul*+2aul®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+nl* &, 3|) (Root[1+2anl+2bul?+2anl’®+ul*g,

2| -Root[1+2aml+2bnl%+2an1®+11* g, 4]))) ] (7a7w/71+a2 ~Root[1+2anl+2bu1?+2an1®+m1*g, 1]] -
EllipticPi[[(a+w/—1+a2 +Root[1+2anl+2bul?+2an1®+ 118, 2}) (-Root[1+2anl+2bn1?+2anl®+n1* &, 1] +
Root[1+2anl+2bnl?+2anl®+nl*g, 4”)/[(a+w/—1+a2 +Root[1+2anl+2bul?+2an1®+u1* g, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2an1®+nlt g, 4})],

ArcSin x-Root[1l+2axl+2bul?+2anl®+H1%8&, 1 Root[1+2axl+2bil?+2anl®+x1%8&, 2] -
N
Root[1+2anl+2bul?+2an1®+u1* &, 4])) / ((x-Root[1+2anl+2bnl?+2an1®+u1* g, 2|)

(Root[1+2an1+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+ul1*&, 4])))],

- (((Root[1+2anl+2bu1?+2an1®+u1*&, 2| ~Root[1+2anl+2bnl®+2an1®+n1* g, 3])
(Root[1+2an1l+2bn1?+2an1®+11% &, 1] -Root[1+2anl+2bu1?+2an1’+u1%&, 4])) /

((-Root[1+2anl+2bul?*+2anl®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+nl* &, 3])

(Root[1+2anl+2bnl?+2an1®+n1% &, 2| -Root[1+2anl+2bu1?+2an1’+11*8, 4])))]

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root[1+2aul+2bul?+2anl®+1l* g, 2})]

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bnl®+2an1®+n1* g, 2])
(x-Root[1+2anl+2bu1?+2an1®+u1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*g&, 2|)
(-Root[1+2anl+2bnl?+2an1®+nl* &, 1] +Root|[1+2anl+2bul’+2anul’+u1*g, 3])))

V(((x-Root[1+2anl+2bu1>+2an1’+11*8&, 1]) (Root[1+2anl+2bnl®+2anul®+nl*g, 2] -

Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bul?+2an1®+n1*g, 2|)
(Root[1+2aml+2bn1%+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+ul1*&, 4])))
J(((-Root[1+2an1+2bt1%+2an13+11%8&, 1] +Root[1+2anl+2bm1?+2an1®+ 1148, 2])
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Vo

(x-RBot[1+2an1+2bn12+2an13+n14§, 4]))]((x_Root[1+2an1+2bn12+2ani3l+n14&, 2])
(-Root[1+2anl+2bnl?+2an1®+n1* &, 1] +Root[1+2anl+2bul?+2anl’+11* g, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bnl®+2an1®+n1* g, 4]))/ (x/71+a2

\/1+2bx2+x4+2a (X+X3)

(a+\/71+az +Root[1+2anl+2bu1?+2an1®+ 1148, 1]]
(—a—x/—1+a2 -Root[1+2anl+2bul?+2an1®+n1* g, 2})

(-Root[1+2anl+2bu1?+2anl’+11* &, 1] +
Root[1+2anl+2bnl?+2an1®+n1*&, 2])
[

(Root[1+2an1l+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2anl’+nu1*g, 4})) +

(«/—1+a2 (x-Root[1+2aml+2bm12+2am®+ 1% &, 2])?

(EllipticF[ArcSinW(((x-Root[1+2an1+2bn12+2an13+n14 &, 1]) (Root[1+2anl+2bnl®+2anl’®+nl*g, 2] -

Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl®+2anl®+nl*g, 2])
(Root[1+2anl+2bn1?+2anm1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1®+u1*&, 2| -Root[1+2anl+2bul?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 1] -Root[1+2aul+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2anl+2bul*+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2an1®+n1* &, 3]) (Root[1+2anl+2bnl?+2anl’®+nul1*g,

2] -Root[1+2aml+2bnl?+2anm1®+11* &, 4])))] (—a—«/—1+az ~Root[1+2anl+2bnl?+2an1®+n1* g, 1]]-
EllipticPi[[(aJr\/—lJraz +Root[1+2anl+2bu1?+2an1®+ 118, 2}) (-Root[1+2anl+2bul?+2anl®+u1*&, 1] +
Root[1+2anl+2bnl?+2an1®+na1%g, 4”)/[(a+x/—1+a2 +Root[1+2anl+2bn1?+2an1®+ 118, 1]]

(-Root[1+2anl+2bu1?+2an1’+11*&, 2] +Root[1+2anl+2bnl?+2an1®+n1* g, 4})],

ArcSin|[./(((x-Root[1+2anl+2bnl?+2an1®+ul*&, 1|) (Root[1+2anl+2bul?+2anl’®+ul1*&, 2| -
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2anl®+n1*g, 2])
(Root[1+2anl+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bnl?+2anl®+n1*&, 4])))],
- (((Root[1+2anl+2bu1?+2an1®+u1*&, 2| -Root[1+2anl+2bul?+2an1®+n1* g, 3])
(Root[1+2anl+2bnl?+2an1®+n1% &, 1] -Root[1+2anl+2bul>+2anl’+u1*g, 4])) /
((-Root[1+2anl+2bn1?+2an1®+11* &, 1] +Root[1+2anl+2bnl?+2anl®+n1* &, 3])
(Root[1+2anl+2bnl?+2an1®+u1% &, 2| -Root[1+2anl+2bul?+2an1’+u1%&, 4])))]

(-Root[1+2anl+2bn1?+2an1®+n1* &, 1| +Root[1+2anl+2bnl?+2an1®+n1* g, 2}))

V(((-Root[1+2anl+2bu1?+2an1®+u1*&, 1] +Root[1+2anl+2bnl?+2an1®+n1* g, 2])
(x-Root[1+2aml+2bnl?+2an1®+11%&, 3])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*8, 2])
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FIV AN

ﬁ_Root[1L+2an1+2bn12+2an13+n14&, 1] +Root[1+2aH1L+2btt12+2a1:t13+1:t14&, 3])))
V(((x-Root[1+2anl+2bu1*+2an1’+11*&, 1]) (Root[1+2anl+2bnl®+2anul®+nl*g, 2] -
Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bnl?+2an1®+n1*g, 2|)
(Root[1+2aml+2bn1?+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2anl®+ul1*&, 4])))
V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2aul®+nl* g, 2])
(x-Root[1+2anl+2bul?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bnl?+2anl®+nl*g, 2|)
(-Root[1+2anl+2bn1?+2an1®+n1*&, 1] +Root[1+2anl+2bnl?+2anl’+11* &, 4])))

(-Root[1+2anl+2bn1?+2an1®+n1*&, 1| +Root[1+2anl+2bnl®+2an1®+n1* g, 4]))/

(\/1+2bx2+x4+2a(x+x3)
( +1/-1+a%* +Root[1+2anl+2bu1?+2an1®+ 118, 1]]
( ~+/-1+a* -Root[1+2anl+2bn1?+2an13+11%8, 2})

(-Root[1+2anl+2bu1?+2anl’+11*&, 1] +
Root[1+2anl+2bul?+2an1®+u1*&, 2])

(Root[1+2an1+2bn1?+2an1®+n1% &, 2] -Root[1+2anl+2bnl?+2anl’+n1*g, 4})) -

(2EllipticF[Ar‘cSin[\/<((X—Root 1+2anl+2bn1?+2an1®+n1* &, 1]) (-Root[1+2anl+2bnl%+2an1®+n1* g, 2]
Root[1+2anl+2bul?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bul?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bul>+2anl’®+u1*&, 1] +Root[1+2anl+2bnl®+2anl®+nl* g, 4])))],

((Root[1+2an1l+2bn1?+2an1®+n1* &, 2| ~Root[1+2aul+2bul?+2anl®+nl* g, 3])

(Root[1+2an1l+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+u1*&, 4])) /
((Root[1+2anl+2bu1?+2an1®+n1* &, 1] -Root[1+2anl+2bul?+2an1®+n1* g, 3])
(Root[1+2an1+2bnl?+2an1®+n1% &, 2] -Root[1+2anl+2bul?+2aul’+11*g, 4])) ]

(x-Root[1+2anl+2bm12+2an1®+11* &, 2])?

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1] +Root[1+2anl+2bul®+2au1®+nl* g, 2])
(x-Root[1+2anl+2bn1?+2an1®+n1*&, 3])) / ((x-Root[1+2anl+2bnl?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+11* &, 1] +Root[1+2anl+2bul?+2au1’+11* 8, 3])))

(Root[1+2an1+2bn1?+2an1®+n1% &, 1] -Root[1+2anl+2bul?+2anl’+ul1* g, 4])

V(((-Root[1+2anl+2bu1?+2anl®+u1*&, 1| +Root[1+2anl+2bnl®+2au1®+n1* g, 2|)
(x-Root[1+2anl+2bul?+2an1®+u1*&, 4])) / ((x-Root[1+2anl+2bul?+2an1®+nu1*g&, 2])

(-Root[1+2anl+2bul?+2an1®+n1* &, 1] +Root|[1+2aul+2bul*+2aul’+u1*g, 4])))
~Root[1+2aml+2bnl?+2anl’+nul* &, 2] +

}
V(((x-Root[1+2anl+2bu1?+2an1’+u1*&, 1]) (
Root[1+2anl+2bnl?+2an1®+n1*&, 4])) /((x-Root[1+2anl+2bul?+2an1®+n1*&, 2|)
(-Root[1+2anl+2bu1?+2an1®+u1* &, 1] +Root[1+2anl+2bul?+2an1®+1n1* g, 4}))))/

(\/1+2bx2+x4+2a (x+x*) (-Root[1+2anl+2bn1®+2an1®+n1*&, 1] +Root[1+2anl+2bnl?+2an1®+n1*g, 2|)

(-Root[1+2anl+2bml?+2aml’® +11* &, 2] +
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Root[1+2anl+2bnl?+2anl®+nl*g, 4]))

Problem 338: Result more than twice size of optimal antiderivative.

JCsc[x]7dlx

Optimal (type 3, 36 leaves, 4 steps):

5 5 5 1
- — ArcTanh[Cos[x]] - — Cot[x] Csc[x] - — Cot[x] Csc[x]3 - = Cot[x] Csc[x]>
16 16 24 6

Result (type 3, 95 leaves):
X.2 1 X4 1 X6 5 X

5 5 X 5 X 52 1 X 4 1 X6
-—C —| -—=C - -—C —| - —1L @ —L Sin| — —S - —S — —S -
64 SC[Z] 64 SC[Z] 384 SC[2] 16 Og[OS[ZHJrlG og[ ln[2]]+64 ec[z] +64 ec[z] +384 ec[z]

Problem 355: Result more than twice size of optimal antiderivative.
JCo‘c[x]3 Csc[x] dx

Optimal (type 3, 11leaves, 2 steps):
~ Gsc [x]3

3

Csc[x]

Result (type 3, 57 leaves):

5 X 1 X X 52 5 X 1 X2 X
—Cot|—| - —Cot|—|C — —T —|-—5S - T —
12 ° [2] 24 ° [2] SC[Z} +12 an[z] 24 ec[z} an[z]

Problem 357: Result more than twice size of optimal antiderivative.

JCot[x]2Csc[x]3 dx

Optimal (type 3, 26 leaves, 3 steps):

1 1 1
~ ArcTanh[Cos[x]] + — Cot[x] Csc[x] - — Cot[x] Csc[x]?3
8 8 4

Result (type 3, 71 leaves):
Xx,2 1 X.4 1 X 1 X

1 1 X2 1 X4
~sc[~]°- “csc[ 2]+ ZLog[cos[ ] - = Log[si - sec[Z] T sec[ ™
~ sc[z] ” sc[z} +8 og[os[ZH . og| 1n[2H ~ ec[z} +64 ec[z]
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Problem 361: Result more than twice size of optimal antiderivative.

JCot [x]%Csc[x]>dx

Optimal (type 3, 38leaves, 4 steps):

1 1 1 ; 1 3 3
- — ArcTanh[Cos[x]] - — Cot[x] Csc[x] + —Cot[x] Csc[x]° - —Cot[x]°Csc[x]
16 16 8 6

Result (type 3, 95 leaves):

1 X2 1 X 4 1 X6 1 X 1 X 1 X2 1 X 4 1 X6
-—C — —C - -—C —| - —1L @ - —L Sin| — —S —| -—S - —S -
64 SC[2] +64 SC[Z] 384 SC[Z] 16 og[ OS[ZHJrlG og[ ln[2]]+64 ec[z] 64 ec[z] +384 ec[z]

Problem 367: Result more than twice size of optimal antiderivative.
JCOS [4x] Sec[x] dx

Optimal (type 3, 12leaves, 4 steps):
8Sin[x]3
3

ArcTanh[Sin[x]] -

Result (type 3, 45leaves):

—Log[Cos[g] —Sin[z]] +Log[Cos[§] +Sin[§]] -2Sin[x] + %Sin[Sx]

Problem 369: Result more than twice size of optimal antiderivative.

JCOS [4x] Sec[x]>dx

Optimal (type 3, 26 leaves, 4 steps):

35 . 2 1 3
— ArcTanh[Sin[x]] - — Sec[x] Tan[x] + — Sec[x]” Tan[X]
8 8 4

Result (type 3, 58 leaves):

1 -70 Log[Cos[i] —Sin[iH +70 Log[Cos[i} +Sin[§H - 1Sec[x]4 (21sin[x] +29Sin[3x])
16 2 2 2 2 2
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Problem 383: Result more than twice size of optimal antiderivative.

JCOS [x]2Sec[3x] dx

Optimal (type 3, 9leaves, 2 steps):

1
— ArcTanh[2Sin[x]]
2

Result (type 3, 23 leaves):
—l Log[1-2Sin[x]] + 1 Log[1+2Sin[x]]
4 4
Problem 384: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JSec [2x] Sin[x] dx

Optimal (type 3, 15leaves, 2 steps):
ArcTanh[+/2 Cos [x] |
V2
Result (type 3, 174 leaves):
Cos[X] - [-1+~/2 ) sin[* Cos[%] - [1++/2 ] sin[%
[2] ( ) [2]]—21'1Ar‘cTan[ [2] ( ) [2} ]+

(1+\E) Cos[i]—sin[i] <71+\/7) Cos[i]—sin[f]

1

4~/2

21 Ar‘cTan[

X

4ArcTanh[V/2 +Tan[ =] ]| - Log[2 -2 Cos[x] -2 Sin[x]] +Log[2++/2 Cos[x] -+/2 Sin[x]]
2

Problem 388: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCsc[4x] Sin[x] dx
Optimal (type 3, 26 leaves, 4 steps):
1 ArcTanh[~/2 Sin[x] |
- —ArcTanh[Sin[x]] +
4 2+/2
Result (type 3, 218leaves):
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Cos[ﬂ - (1+x/2 ) Sin[X]

Cos[?]—(—1+\/7) Sin[ﬁ . x « X
| -21iArcTan| | +2+/2 Log[Cos[=] -sin[=]] -
(1+\/7) Cos[ﬂ—sin{ﬂ (—1+\/7) Cos{ﬂ—sin[ﬁ] 2 2

-2 1 ArcTan|

8+/2

Z\ELog[Cos[i} +Sin[§H +2Log[V2 +2Sin[x]] - Log[2-+/2 Cos[x] -2 Sin[x]]| - Log[2++/2 Cos[x] -/2 Sin[x]]
2 2

Problem 389: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCsc [4x] Sin[x]3dx

Optimal (type 3, 26 leaves, 4 steps):

1 . Ar‘cTanh[\E Sin[x}]
- —ArcTanh[Sin[x]] +
4 42
Result (type 3, 218 leaves):
COS[;} - (_1+\/7) Sin[;] | -2iArcTan| COS[;] - (1+\/7) Sinb} ] +4\/7Log[Cos[£] —Sin{i]] -
(1+\/7>Cos[ | -sin[*] (—1+\/7)Cos[§]—sin[§] 2 2

1

162

-2 i ArcTan|

X X
2 2

4\/?Log[Cos[§} +Sin[§H +2L0g[x/7+2$in[x]} —Log[Z—\/?Cos[x} —\/Tsin[x]} —Log[2+\/?Cos[x} —\/Tsin[x]}
2 2

Problem 398: Result more than twice size of optimal antiderivative.

1
Jidlx
Tan[5x]1/3

Optimal (type 3, 57 leaves, 9steps):

1_2Tan[5X]2/3] . iLog[1+Tan[5X12/3] _ iLog[1+Tan[5x]2]

NEY 20 20

Result (type 3, 121 leaves):
1
20

1
-—1/3 ArcTan|
10

(—2\/?Ar‘cTan[\/?—ZTan[Sx}l/ﬂ —2\/?Ar‘cTan[\/?+2Tan[5x]1/3} "

2Log[1+Tan[5x]??] - Log[1-+/3 Tan[5x]**+Tan[5x]?/3] - Log[1++/3 Tan([5 x]1/3+Tan[5x]2/3])
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Problem 399: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(4+3Tan[2x])??

Optimal (type 3, 87 leaves, 6 steps):

9 ArcTan[ 122Xl 13 ApcTanh [ —2enE2x——

A2 +/4+3Tan[2x] A2 +/4+3Tan[2x] 3

_ + _
250/2 250/2 25+/4+3Tan[2X]

Result (type 3, 83 leaves):

(24-71) \/mArcTanh[l:‘“”a"”” ]+ (24+71) V4+31 ArcTanh[22202x ] 1se

Va3t Va3i 4+3Tan[2X]
1250

Problem 411: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Cos[x]3 (Cos[2x] -3 Tan[x])
J(Sin[X]Z—Sin[ZX]) Sin[2x]>/?

Optimal (type 3, 68 leaves, 6 steps):

2
EAr‘cTanh[ESec[x] m] ~ 9 Cos [X] ~ 5Cos [x] Cot[x] N Cos [x] Cot[x]
32 2 16 /Sin[2 x] 24+/Sin[2 x] 20+/Sin[2 x]

Result (type 4, 150leaves):
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Cos[x] V/Sin[2x] iCsc[x] (-147 - 5@ Cot [x] + 12 Csc[x]?) -
15

Cos [X] L . 1 L 2 . 1
33 | ——mm ElllptlcF[Ar‘CSln[i}, —1} + E111pt1cP1[—7, —Ar‘cSm[i}, —1] +
-2+2Cos[X] ~1++/5
Tan{ﬂ Tan{ﬂ

EllipticPi|

N |

(—1+ﬁ), —Ar‘cSin[;}, -1] | sec[x] Tan{i] (Cos[2x] -3 Tan[x]) / (16 (Cos[x] +Cos[3x] - 6Sin[x]))
2
Tan[ﬂ

Problem 416: Result unnecessarily involves higher level functions.
Cos[2x] -VSin[2x]

\/Cos 35in]

dx

Optimal (type 3, 108 leaves, ? steps):

2 Log[Cos[x] +Sin[x] -2 Sec(x \/Cos 12sinix] | -
ArcSin[Cos[x] -Sin[x]] Cos[x] vV Sin[2 X] ArcTanh[Sin[x]] Cos[x] V/Sin[2Xx] Sin[2X]
\/Cos[x] Sin[x] \/Cos 35in[x] \/Cos[x]3Sin[x1

Result (type 5, 105leaves):

[—4 Cos[x]3 Hyper‘geometr‘1c2F1[ B Cos[x]z} Sin[x] -

FIN

E

sw
sw

3 Cos[X] (Sin[x}2)1/4 (2 Sin[x] + (—Log[Cos[g] —Sin[i“ + Log[Cos[g] +Sin[§“) \/T))/ ( \/Cos 13sin[x] (Sin[x]z)l/4
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Problem 417: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

\/Cos Sin[x]3 -2Sin[2x]

\/Cos 13sin[x] ++Tan[x]

dx

Optimal (type 3, 364 leaves, 66 steps):

Cos[x] (Cos[x] +Sin[x Cos [ V2 Cos[x] +Sin[x] 2T
~2+/2 ArcCoth| [x] (Cos[x] +Sin(x]) ] +2%%ArcCoth| ( ) ] - 214 Arccoth[m} _
ﬁ\/Cos[xPSin[x] 23/4\/Cos[x]3sin[x] 23/4+/Tan[x]
Cos[x] (Cos[x] -Sin[x Cos | V2 Cos[x] - Sin[x] 5> _T
22 ArcTan| ] {Cos ] 1)) | +2Y% ArcTan| ( ) ] 721/4ArcTan[m] "
V2 +[cos[x]3 sin[x] 23/4\/Cos[x]3Sin[x] 23/4+/Tan[x]
1
4 Csc[x] Sec| \/Cos ®Sin[x] + = Csc[x]?Log|1+Cos[x]?]| Sec] \/Cos 3sin| x/Cos Sin[x]3 +
4
1 4
—Csc[x]%Log[Sin[x]] Sec] \/Cos 3sin] \/Cos Sin| -
2 \V Tan[x]
1 1
= Csc[x]?Log[1+Cos| \/Cos Sin[x]3® +/Tan[x] + = Csc[x]?Log[Sin] \/Cos sin[x]3® /Tan[x]
4 2

Result (type 5, 2057 leaves):

Cos [X] Csc[i] (4 Log[Sec[f]z} -2 Log[Tan[lH - Log[1+Tan[ ) Sec| \/Cos sin[x]3

8\/Cos 13Sin[x]

{(1+j)

(4+41i)EllipticPi[-1i, -ArcSin| Tan[g} |, -1] - (4+41) EllipticPi[i, -ArcSin| Tan[g] |, -1] +

(-1)%* [-Ellipticpi[- (-1)*, -Arcsin| Tan[>] ], -1] + EllipticPi[ (-1)Y%, -ArcSin| Tan[ 2] ], -1] -

2 2
2+/2 Sec[x]2+/2Sin[2x] +Sin[4X] w/ Cos[2x] Sec[x]2+/2Sin[2x] +Sin[4x]
3+Cos[2X] 3+ Cos[2X]

EllipticPi[- (-1)°"%, -ArcSin| Tan[ %] ], -1] + EllipticPi[ (-1)%/%, -ArcSin| Tan[ %] ], -1]
2 2

Sec| \/Cos 3sin[x]

/
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\/Cos[x] Sec[f]z \/Tan[z} (—1+Tan[§]2) - 1

(4+41i) EllipticPi[-i, -ArcSin| Tan[i} |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[i} ], -1] +

(1+1) A )

(_1)1/4 (—EllipticPi[— (-1)1/4, ~ArcSin] Tan[i} ], -1] + Ellipticpi[(-l)l/“, ~ArcSin[ [Tan[=] |, -1] -
2

EllipticPi[- (—1)3/4, ~ArcSin] Tan[i] |, -1] + EllipticPi| (—1)3/4, ~ArcSin]| Tan[i] B —1]]]
2 2

Sec| \/Cos 13 Sin[x Tan[i} - 1
2
\/Cos[ }Sec[ﬂz Tan|* }3/2( 1+Tan[§]2)
(l+ j—] (4+41)EllipticPi|[-1i, -ArcSin| Tan[f] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[f} |, -1] +
4 4 2 2
(-1)%* [Ellipticpi[ (-1)**, -Arcsin| Tan[i] |, -1] + EllipticPi[ (-1)Y*, -ArcsSin| Tan[f} ], -1] -
2 2

EllipticPi[- (-1)°"%, -ArcSin| Tan[>] ], -1] + EllipticPi[ (-1)%%, -ArcSin| Tan[ 2] |, 1]]]
2

2
Sec| \/Cos 13sin[x] + 1
\/Cos Sec| \/Cos 13sin[x Tan[i] (71+Tan[§]2)
(1+ j—] (4+41i) EllipticPi[-1i, -ArcSin| Tan[i] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[f} |, -1] +
2 2 2 2
(-1)%* [Ellipticpi[ (-1)**, -Arcsin| Tan[i] |, -1] + EllipticPi[ (-1)Y*, ~ArcSin| Tan[i} ], -1] -
2 2

EllipticPi[- (-1)°"%, -ArcSin| Tan[X] ], -1] + EllipticPi[ (-1)%%, -ArcSin| Tan[X] |, 1]]]
2 2

1

\/Cos[x] Sec[ﬂ2 (71+Tan[ﬁ2)

sec[2]" (Cos[x1% -3 Cos[x]2 Sin[x]?) +
2
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(4+41i) EllipticPi[-i, -ArcSin| Tan[i] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[i} ], -1] +

2421
(2+21) ) A

(-1)1/4 [-Ellipticpi[- (-1)1/4, ~ArcSin]| Tan[i] ], -1] +E111pticpi[(_1)1/4, ~ArcSin]| Tan[i} ], -1] -
2 2

EllipticPi[- (-1)%*, -ArcSin| Tan[X] ], -1] + EllipticPi[ (-1)3%, ~ArcSin| Tan[ 2] |, -1]}]
2

2
X 1
Sec| \/Cos 13sin[x Tan[ =] -
2
(Cos[x} Sec[ﬂz)y2 Tan[f} (—1+Tan[ﬂ2)
(l+ j—] (4+41) EllipticPi|[-i, -ArcSin| Tan[i] |, -1] - (4+41i) EllipticPi[i, -ArcSin| Tan[f} |, -1] +
2 2 2 2
(-1)%* [Ellipticpi[ (-1)**, -Arcsin| Tan[i] |, -1] + EllipticPi[ (-1)Y*, -ArcSin| Tan[f} ], -1] -
2 2
EllipticPi[- (-1)°"%, -ArcSin| Tan[ %] ], -1] + EllipticPi[ (-1)°/%, -~ArcSin| Tan[ 2] ], -1] || sec[*]*
2 2 2
X2 ., X2 X 1
\/Cos 3s5in| -Sec|=]"sin[x] + Cos[x] Sec[;] Tan[;}) +
2
\/COS[X] Sec[ﬁ2 \/Tan[’z‘} (71+Tan[§}2>
(1+1) sec[*]?
<1+]1 Sec \/Cos 3s5ing 2 -
1—Tan[§] (1—1‘1Tan[§” Tan[f] J1+Tan[§]
. x 12 x >
(1+1) Sec[;] e Sec[z] )
1—Tan[ﬂ (1+J‘1Tan[§])\/Tan[;} \/1+Tan[ﬁ 4\/1Tan[;} \/Tan[z] J1+Tan[;] (1*<71>1/4Tan[§”
sec[]’ Sec|*]?
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Sec[i]2

4\/1—Tan[§] \/Tan[z} \/1+Tan[§] 1+ (-1)>*Tan[¥])

2 (Cos[x]2)** Hyper‘geometr‘icZFl[i, i z Amz—] (2-sin[x]?) Tan[x]3/2

4 2’ 4’ 2(17$in[x]2)
2
- +
VTan[x] 3 (1- i‘”ziﬁ)m (-2+sin[x]?)

v2Sin[2x] +Sin[4x]
(V2
Cot [x] +ﬁTan[x]) N
(Csc[x]2 (4 Log[+vTan[x] | - Log[2+Tan[x]2])

Sec[x]?

V2Sin[2x] - Sin[4 x]
V Tan[x]
(2+Tan[x]2))/(4
V2

(3+Cos[2x])
(1+Tan[x]2)2)

Problem 424: Result unnecessarily involves imaginary or complex numbers.

J Sin[5Xx] dx
(5Cos[x]2+9Sin[x]2)>?

Optimal (type 3, 48 leaves, 4 steps):

1 . 2Cos[x] 55 Cos [X] 295 Cos [X]
-— Ar‘c51n[ - +

2 3 27 (9-4Cos[x]2)??

243+/9 -4 Cos[x]?
Result (type 3, 63 leaves):

2550 Cos [x] - 590 Cos [3x] + 2431 (7-2Cos[2x])*? Log[21 Cos[x] ++/7-2Cos[2X] |
486 (7 -2Cos[2x])%?

Problem 426: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
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JCSC[X}Z (-2Cos[x]3 (-1+Sin[x]) +Cos[2x] Sin[x]) 4
X

-5+Sin[x]?

Optimal (type 3, 111 leaves, 18 steps):
ArcTan [ —L5-costxl | 2Ar‘cTan[@]

Cos [x -545i 2
2 ArcTan| [x] ] - bt Vs -
~5+Sin[x]? V'5 V5
Sin[x] : 5, 2 , 2
2 ArcTanh| | +2+/-5+Sin[x]? + = Csc[x] 1/ -5+Sin[x]
-54+Sin[x]? >

Result (type 4, 338 leaves):
1

252 +/-9-Cos[2x]

1+21 -21+C 1-21 21+C 1+21i) Tan|* .
(16321>\EC05[X]2\/< + ]1)( i+ OS[X]) \/( Jl)( 1 OS[X]) EllipticF[ArcSin[( > [2}}, l+241}7
2 1+ Cos[X] 1+ Cos [X] \5 25 25

(32-641) ﬁcos[f}ZJ ([1+24) (-2 Cos]) J“-“) 21+ Cosix])

2 1+ Cos[X] 1+ Cos[X]
3 ai o (1+2i) Tan[}] 7 241
EllipticPi[ =+ —, ArcSin| , - — ] -
5 5 NG 25 25
/16 Cos [ V9 Cosiax]
+ /10 ArcTan| X /"9 Cos(zx] +2+/10 ArcTan| | V-9 Cos[2x] +18Cscx] +
\/-9 - Cos[2x] Jie

2Cos[2x] Csc[x] +10i 2 v/-9-Cos[2x] Log[i+/2 Cos[x] ++/-9-Cos[2x] | +5Csc[x] Sin[3x]

Problem 427: Result unnecessarily involves imaginary or complex numbers.

J Cos[3 x]
dx
\/ 1+8Cos] \/3Cos 2_Sin[x]?

Optimal (type 3, 112leaves, 27 steps):
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5 ArcSin |2 \/; Sin[x] |

3 . 2Sin[x] 3 Sin[x]
+ = ArcSin| ———] - = ArcTan| |-
a2 4 V3 4 ~1+4Cos[x]2

3 Sin[x] 1 2 s 1 2 ¢

fAr'cTan[ } - —1/-1+4Cos[x]° Sin[x] - —+/-1+8Cos[x]“ Sin[x]

4 -1+8Cos[x]? 2 2
Result (type 3, 131 leaves):

Sin[x] Sin[x] ) .

- —6Ar‘cTan[ }—GArcTan[ }—61Log[\/1+2Cos[2x] +21$1n[x]]—
8 V1+2Cos[2x] 3+4C0s[2X]

5i+/2 Log[V3+4Cos[2x] +2i+2 Sin[x]| -4+/1+2Cos[2x] Sin[x] -4+/3+4Cos[2x] Sin[x]

Problem 434: Result unnecessarily involves imaginary or complex numbers.

J(4- 5Sec([x]?)*'? dx

Optimal (type 3, 68 leaves, 7 steps):

2 Tan[Xx]

5
| - =Tan[x] +/-1-5Tan[x]?

8 ArcTan |
2

] - Z\/?Ar'cTan[ V5 Tan[x]
2

-1-5Tan[x]? -1-5Tan[x]?

Result (type 3, 115leaves):
- = (-5+4Cos[x]%) Sec[x] \/4-5Sec[x]?
2 (-3+2Cos[2x])°?

\/?Sin[x]

\/—3+2Cos[2x}

7 \/?Ar‘cTan[

| Cos[x]?+16i Cos[x]?Log[/-3+2Cos[2x] +2iSin[x]]+5+/-3+2Cos[2x] Sin[x]

Problem 438: Result more than twice size of optimal antiderivative.

(3+sin[x]?) Tan[x]?
j dx
(

~2+Cos[x]2) (5-4sec(x]?)>?

Optimal (type 3, 73 leaves, 16 steps):
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Ar‘cTanhP:S"lsecm2 ] Ar‘cTanh[AC"lsec[x]2 ]
T s

63 55 15

2

5-4Sec[x]?

Result (type 3, 234 leaves):

1

Sec[x]? [12-20Cos[2x] +

60 (5-4Sec[x]2)??

V2 (-3+5Cos[2x])%? [IS\EArcTanh[\/3+5cos[2X] | sin[x]? -
V6 +/Cos[x]?

18\/?(L0g[105in[x]2]—Log[5 (7\/73+5COS[2X] +Cos[2x]\V/-3+5Cos[2x] ++/10 \/Sln 2 \/Sin[ZX]z)]]Sin[x}z—

/ [15\/Sin[x]2 \/Sin[ZX}z)

6 Cos[x
Zex/?ArcTanh[ Ve [x] | sec \/Sln 2 \/Sin[z x]?

\/—3+5COS[2X]

Problem 439: Result more than twice size of optimal antiderivative.

Csc[x]? |Sec[x]?2-3Tan] \/4Sec 2 +5Tan[x]?
dx
(4sec(x])?+5Tan[x]2)%?

Optimal (type 3, 57 leaves, 10 steps):

3 3 ) Cot [Xx] 7 Tan[x]
-~ Log[Tan[x]] + — Log[4 +9Tan[x]?] - -
4 8

4+/4+9Tan[x]?> 8+/4+9Tan[x]?

Result (type 3, 116leaves):
1

13-5Cos[2x]
16 13-5Cos[2x
1+Cos[2 x]

13 -5Cos X X
5Cot[x] +6 ¥ Log[1+7Tan[f]2+Tan[f}4}—9Csc[x] Sec[x] -5Tan[x] -6+V2 Log[Tan \/ 5+13Sec[x]?+5Tan[x]?
1+ Cos[2x] 2 2 2

Problem 442: Result unnecessarily involves higher level functions.
J Tan [x] dx
(a®+b? Tan[x]2)*?

Optimal (type 3, 133 leaves, 6 steps):
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2 (a®+b? Tan([x]2)Y/?
4 2 (3707 Tan(x] %) 77

1

23313
V3 ArcTan| \Eb } Log[Cos [X] ] 3Log[(a3—b3)1/3— (a®+ b3 Tan[x]z)l/z’}
2 (a3 -b?)1? EYENSE 4 (2% 03)13

Result (type 5, 90 leaves):

1/3 3,13 2
. 1 1 4 -a’+b?) Cos [x]
) Hyper‘geometr*1c2F1[3, 7 5 - ]

3 a’+b3+ (a3-b?) Cos[2x]
b3

2 ((a®+b*+ (a®-b*) Cos[2x]) Sec[x]z)l/3
Problem 443: Result unnecessarily involves higher level functions.
JTan[x] (1-7Tan[x]?)*? dx

Optimal (type 3, 69 leaves, 7 steps):
1+ (1-7Tan[x]2)?

2 \/?Ar‘cTan[

] +2Log[Cos[x]] +3Log[2- (1-7Tan[x]?)"?] + 3 (1-7Tan[x]?)*?

el 4
Result (type 5, 42 leaves):

3 . 2 5
-— (—1 + Hypergeometric2F1 [ - 1, -,
4

(-3+4cCos[2x]) Sec[x]?] (1—7Tan[x]2)2/3
3 3

0 | =

Problem 444: Result unnecessarily involves higher level functions.
J Cot [x] dx
(a*+ b* Csc[x]z)l/4

Optimal (type 3, 52 leaves, 6 steps):
Ar‘cTan[ pesell? 1/4] Ar‘cTanh[M}

a a
- +

a a

Result (type 5, 84 leaves):

2
(-a*-2b*+a%Cos[2x]) Csc[x]?Hypergeometric2F1 | i, 1, i, _ [met-2bhaf Cos[2x]) Cse[x] ]

2a*

3a* (a* + b*Csc[x]2)V*
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Problem 445: Result unnecessarily involves higher level functions.
t
J Cot [x] dx
(a* - b* Csc[x]2)M*

Optimal (type 3, 54 leaves, 6 steps):

[ a*-b* Csc[x]2 1//“] { a%_b? Csc [x]? 1/4}

a

ArcTan ArcTanh
a
- +

a a

Result (type 5, 85leaves):

(-a*+2b*+a*Cos[2x]) Csc[x]2 Hypergeometric2Fl | %, 1, i, _ |mate2bteat czo;[zm Csc[x)? ]

3a% (a% - b* Csc[x]2) V!

Problem 446: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JSec [x]2 Tan[x] ( (1-3sec(x]2)"?sin[x]2+3 Tan [x]z)
dx

(1-3Sec[x]2)*® (17x/1735ec[x}2)

Optimal (type 3, 133 leaves, 29 steps):
1+2(1-3sec[x]2)"®

/3 ArcTan| | + = Log[sec[x]?] - 2 Log[1- (1-3Sec[x]?)"®] +
V3 4 2
lLog[l—ﬂl—BSec[x]2 ] - (1—35ec[x12)1/6—l (1—35ec[x]2)2/3+ !
3 4 2[1—«/1—35ec[x]2
Result (type 6, 4397 leaves):
_ 1/3 _ 1/3
13 [s+ [—5+Cos[2x] +Cos[2X] (75+C°S[2XJ ] (35ecx]2+ (1-35ecx]2)*?)
1+ Cos[2X] 1+ Cos[2x]

1 3
Sin[x]2 Tan[x] (—2—3Tan[x}2>5/6 (1+Tan[x]?) (2+3Tan[x]?) [—8Appe11F1[1, =, 1,2, -=Tan[x]?, -Tan[x]?] +
2 2
1 3 2 2 2 3 3 2 2 2) 2
4Appe11F1[2, —, 2, 3, -—Tan[x]°, -Tan[Xx] } Tan[Xx] +3Appe11F1[2, —, 1,3, -—Tan[x]4, -Tan[x] ] Tan[X]
2 2 2 2
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1 3 2 2 3 3 2 2 2
{4AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ] +3AppellF1[2, —, 1, 3, -—Tan[x]°, -Tan[Xx] ]J Tan [X]
2

2 2 2

1/3

2+3Tan[x]?
- +

1

2/3 - 114 , 2 2
30 - 3%/3 Hypergeometric2F1|[ —, —, —, 2-3Tan[x]? (1+Tan[x]?)
3 3 3 1+ Tan[x]?

5/6

3+3Tan[x]?

16 ) 5 5 11 1 5 [2+3Tan[x]?
12 - 3'/®Hypergeometric2F1l[ =, =, —, ——————| (1+Tan[x)?) | ———— +
6 6 6 3+3Tan[x]? 1+ Tan[x]?
5 |2Log[1+Tan[x]?] (—Z—B»Tan[x]z)S/6 (1+Tan[x]?) +9Tan[x]* |4++/-2-3Tan[x]* | +3Tan[x]?

+2 (12-2 (-2-3Tan[x]?)"?+3+/-2-3Tan[x]? + (—2—3Tan[x]2)5/6)]J B

(20-2 (-2-3Tan[x]2)"?+5+/-2-3Tan[x]?

2/3 ; 114
30 - 3%/3 Hypergeometric2F1| —, —, —,
3 3 3

1 3 X X 1 5
8 AppellF1[1, =, 1, 2, - =~ Tan[x]?, -Tan[x]?| -2 -3Tan[x]

2 2 3+3Tan[x]?

o [2+3Tan[x]2)'3 16 . 5 5 11 1 . (2+3Tan[x]2)°/®
(1+Tan[x} ) —_— +12 3V Hyper‘geometr‘1c2F1[—, —, T, 7} (1+Tan[x] EE—— +
1+ Tan[x]? 6 6 6 3+3Tan[x]? 1+ Tan[x]?
5 [2Log[1+Tan[x]?] (-2-3Tan[x]?)*® (1+Tan[x]?) +9Tan[x]* [4++/-2-3Tan[x]? | + Tan[x]>
(69—7(—2—3Tan[x]2)1/3+15x/—2—3Tan[x]2 +2(12—2(—2—3Tan[x}2)1/3+3 —2—3Tan[x}2+(—2—3Tan[x}2)5/6])]J]/
-5+ Cos|[2
10 2v6| 1, |—2rCosl2x] (1-3sec[x]?)>® (6+(1—3Sec[x]2)1/3+Cos[2x] (1—35ec[x]2)1/3)
1+ Cos[2X]

5/6

(-4-6Tan[x]?)
1 3
(—SAppellFl[l, =, 1,2, -=Tan[x]?, -Tan[x]?] +
2 2
2 2 2

1 3 , 512 s 1 3 5 52 .
(1152Appe11F1[1, =, 1,2, -=Tan[x]?, -Tan[x]?|" Tan[x]? + 2880 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?|" Tan[x]> -
2 2 2 2

1 3 3 3
(4Appe11F1[2, =, 2,3, -—Tan[x]?, -Tan[x]?| + 3 AppellF1[2, =, 1, 3, - = Tan[x]?, —Tan[x]z}) Tan[x}z)
2

1 3 2 2 1 3 2 2 5
1152 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]2| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]° -
2 2 2 2

1 3 2 2 3 3 2 2 5
864 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]® +
2 2 2 2

1 3 2 212 7 1 3 2 2
1728 AppellF1[1, —, 1, 2, - = Tan[x]2, -Tan[x]?| Tan[x]’ - 2880 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?
2 2 2 2
1 3 2 2 7 1 3 2 212 7
AppellF1[2, =, 2, 3, - —Tan[x]?, -Tan[x]?| Tan[x]” + 288 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]?| Tan[x]’ -
2 2 2

1 3 2 2 3 3 2 2 7
2160 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]2| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]7 +
2 2 2 2
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1 3 2 2 3 3 2 2 7
432 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]7 +
2 2 2 2
3 3 5 512 , 1 3 5 5
162 AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]’ - 1728 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?]
2 2 2 2

-

1 3 2 2 9 1 3 2 212 9
AppellFl[Z, —, 2, 3, -—Tan[x]°, -Tan[Xx] ] Tan [X] +720Appe11F1[2J —, 2, 3, -—Tan[x]4, -Tan[x] } Tan[x]~ -
2 2

2 2

1 3 3 3
1296 AppellFi[1, —, 1, 2, - = Tan[x]2, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]° +
2 2 2 2
1 3 3
1080 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]2| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]? +
2 2 2 2
3 3 1 3
405 AppellFi[2, =, 1, 3, - = Tan[x]?, —Tan[x}z]zTan[x}g+432Appe11F1[2, =, 2,3, -=Tan[x]?, —Tan[x]z]zTan[x]ll+
2 2 2 2
1 3 2 2 3 3 2 2 1
648AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ]AppellFl[Z, —, 1, 3, -—Tan[x]°, -Tan[x] } Tan[x] " +
2 2 2 2
3 3 2
243 AppellF1[2, =, 1, 3, - —Tan[x]?, -Tan[x]?| Tan[x]* +
2 2
1 3 5 212 3 2\1/3
720 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] Tan[x]? (-2-3Tan[x]?)"" -
2 2
1 3 2 2 1 3 2 2 3 2\1/3
192 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?] Tan[x] (-2-3Tan[x]?)"" -
2 2 2 2
1 3 2 2 3 3 2 2 3 2)1/3
144 AppellF1[1, —, 1, 2, - = Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]? (-2 -3 Tan[x]?)""> +
2 2 2 2
1 3
1008 AppellF1[1, =, 1, 2, - = Tan[x]?, —Tan[x]z}zTan[x]S (-2-3Tan[x]2)"? -
2 2
1 3 2 2 1 3 2 2 5 2\1/3
1032 AppellFi[1, —, 1, 2, - = Tan[x]?, -Tan[x]?]| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2-3Tan[x]?) """ -
2 2 2 2
1 3 3 3
774 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]® (—2—3Tan[x]2)1/3+
2 2 2 2
1 3 1 3
128 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?| AppellF1(3, —, 3, 4, - = Tan[x]?, -Tan[x]?| Tan[x]® (—2—3Tan[x]2)1/3+
2 2 2 2

1 3 3 3
96 AppellF1[1, =, 1, 2, - = Tan[x]?, ~Tan[x]?| AppellF1[3, =, 2, 4, - = Tan[x]?, -Tan[x]?]| Tan[x]® (-2 -3 Tan[x]2)*+
2

2 2 2
1 3 2 2 3 2 2 5 2\1/3
108 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1[3, =, 1, 4, - = Tan([x]?, -Tan[x]?] Tan[x]® (-2-3Tan[x]?)""* -
2 2 2 2

1 3 1 3
, 1,2, -=Tan[x]2, -Tan[x]?] AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?| Tan[x]’ (—2—3Tan[x}2)1/3+

1080 AppellF1[1, —
2 2 2 2

1 3
96 AppellF1[2, —, 2, 3, - = Tan[x]?, —Tan[x]z}zTan[x]7 (—2—3Tan[x]2)1/3—
2

2

1 3 2 2 3 3 2 2 7 2\1/3

816 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]” (-2-3Tan[x]?)"">+
2 2 2 2

| a9
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1/3
+

3
144 AppellF1|2, » 1,3, -=Tan[x]?, -Tan[x]?] Tan[x]” (-2 -3Tan[x]?)

2

N W

3
» 2,3, -—Tan[x]?, -Tan[x]?| AppellF1]2,
2

N R

3 3
54 AppellF1[2, =, 1,3, - = Tan[x]?, ~Tan[x]2] Tan[x]7 (-2-3Tan[x]?)**+
2 2
3
, 3,4, -—Tan[x]?, —Tan[x]z} Tan[x]’ (—2—3Tan[x]2)1/3+

3 2 2
2, -—Tan[x]“, -Tan[X] ]AppellF1[3,
2

320 AppellFi|1,
2

-
=
-

3 3
240 AppellF1|[1, 2, - =Tan[x]2, -Tan[x]2] AppellF1[3, =, 2, 4, - = Tan[x]2, -Tan[x]2] Tan[x]” (-2-3Tan[x]?)*’+

-
=
-
NV |WN R

1
2
1
2 2 2
1 3 2 2 3 2 2 7 2\1/3
276 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?] AppellF1[3, =, 1, 4, - = Tan[x]?, -Tan[x]?] Tan[x]” (-2-3Tan[x]?)""*+
2 2 2
1 3 2 212 9 2)1/3
144 AppellF1[2, =, 2, 3, - =Tan[x]?, -Tan[x]?]|" Tan[x] (-2-3Tan[x]?)"" +
2 2
1 3 2 2 3 2 2 9 2)1/3
216 AppellF1[2, —, 2, 3, - =~ Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)""> +
2 2 2 2
3 3 2 272 9 2\1/3
81AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]° (-2-3Tan[x]?)"° +
2 2
1 3 2 2 1 3 2 2 9 2\1/3
192 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?] AppellF1([3, —, 3, 4, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)""*+
2 2 2 2
1 3 2 2 3 3 2 2 9 2\1/3
144 AppellF1[1, =, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1([3, =, 2, 4, - = Tan[x]?, -Tan[x]?] Tan[x] (-2-3Tan[x]?)"" +
2 2 2 2
1 3 2 2 5 3 2 2 9 2)1/3
162 AppellF1[1, —, 1, 2, - = Tan[x]2, -Tan[x]?] AppellF1([3, =, 1, 4, - = Tan[x]?, -Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)""> +
2 2 2 2
1 3 2
1152 AppellFi[1, —, 1, 2, - = Tan[x]2, -Tan[x]?] Tan[x]3®+/-2-3Tan[x]? +
2 2
1 3 2 212 5 2
2880 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?| Tan[x]®+/-2-3Tan[x]? -
2 2
1 3 2 2 1 3 2 2 5/ 2
1152Appe11F1[1, -, 1, 2, -—Tan[x]°, -Tan[Xx] } AppellFl[Z, —, 2,3, -—Tan[x]°, -Tan[x] ] Tan [X] -2-3Tan[x]° -
2 2 2 2
1 3 3 3
864 AppellF1[1, —, 1, 2, - —Tan[x]?, -Tan[x]?| AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]®+/-2-3Tan[x]? +
2 2 2 2
1 3 2
1728 AppellFi[1, —, 1, 2, - = Tan([x]2, -Tan[x]?] Tan[x]”+/-2-3Tan[x]? -
2 2
1 3 2 2 1 3 2 2 7 2
2880 AppellFi1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?| AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?]| Tan[x]7+/-2-3Tan[x]? +
2 2 2 2
1 3 2
288 AppellF1[2, =, 2, 3, - = Tan[x]?, -Tan[x]?| Tan[x]7~/-2-3Tan[x]? -
2 2
1 3 2 2 3 3 2 2 7./ 2
2160Appe11F1[1, -, 1, 2, -—Tan[x]°, -Tan[x] } AppellFl[Z, -, 1, 3, -—Tan[x]°, -Tan[x] ] Tan [X] -2-3Tan[x]° +
2 2 2 2

1 3 2 2 3 3 2 2 7 2
432 AppellF1[2, —, 2, 3, - = Tan[x]2, -Tan[x]?] AppellF1[2, =, 1, 3, - =Tan[x]?, -Tan[x]?| Tan[x]’+/-2-3Tan[x]? +
2 2 2 2
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3
» 1,3, - =Tan[x]2, -Tan[x]?] Tan[x]?®

3
» 1,3, -=Tan[x]?, -Tan[x]?] Tan[x]°

-2-3Tan[x]? +

-2-3Tan[x]? +

3 3 2 212 7 2
162 AppellF1(2, =, 1, 3, - = Tan[x]?, -Tan[x]?| Tan[x]7~/-2-3Tan[x]? -
2 2
1 3 2 2 1 3 2 2 9/ 2
1728Appe11F1[1, -, 1, 2, -—Tan[x]°, -Tan[Xx] } AppellFl[Z, —, 2,3, -—Tan[x]°, -Tan[x] ] Tan [X] -2-3Tan[x]° +
2 2 2 2
1 3 2 212 9 | 2
720AppellF1[2, —, 2, 3, -—Tan[x]°, -Tan[x] ] Tan [x] -2-3Tan[x]° -
2 2
1 3 R X 3
1296 AppellFi[1, —, 1, 2, - = Tan[x]2, -Tan[x]?| AppellF1[2, =
2 2 2 2
1 3 ) ) 3
1080 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]2| AppellF1[2, —
2 2 2 2
3 2 212 9 | 2
405 AppellFl[Z, , 1,3, -—Tan[x]°, -Tan[x] ] Tan [x] -2-3Tan[x]° +
2
3 2 212 1/ 2
432AppellF1[2, > 2,3, -—Tan[x]°, -Tan[x] ] Tan [x] -2-3Tan[x]° +
2

648 AppellF1|2,
2 2 2

243 AppellFi|2,

N |WN[RN[RN|W

5/6

Tan[x]? (-2-3Tan[x]?)"'® + 576 AppellF1|1,

N |

2

3 2 2
2, -—Tan[x]“, -Tan[x] ]AppellFl[Z,

384 AppellFi[1,
2

-
=
-

2

3
, 1,2, -=Tan[x]2, -Tan[x]?| AppellF1|[2,

288 AppellF1|1,
2

1
2
3
2 2
1

3
576 AppellF1[1, —, 1, 2, - =~ Tan[x]2, -Tan[x]?| AppellF1|2,

2 2 2
1 3
96 AppellF1[2, —, 2, 3, - = Tan[x]?, -Tan[x]z}zTan[x]7 (_2-3Tan[x]2)5/6_
2 2
3
432 AppellF1[1, —, 1, 2, -~ Tan[x]2, -Tan[x]?| AppellF1[2,

3
2 2 2

3 R X 3

» 2,3, -—Tan[x]?, -Tan[x]?| AppellF1[2, =

144 AppellF1|2,
2 2 2

3 3
54 AppellF1[2, =, 1, 3, - =~ Tan[x]?, —Tan[X]z}zTan[X]7 (—2—3Tan[x]2)5/6+

2 2
3
, 2,3, -—Tan[x]?, —Tan[x}z]zTan[x}9 (—2—3Tan[x}2)5/6+

144 AppellF1|2,
2

3 2 2
> 2,3, -—Tan[x]°, -Tan[x] ]AppellFl[Z,

216 AppellF1|2, =
2 2 2

, 1,2, —ETan[x]z, —Tan[x}z]zTan[x}5 (-2-3Tan[x]?)
52,3, —iTan[x}z, ~Tan[x]?] Tan[x]® (-2 -3 Tan[x]?)
, 1,3, 75Tan[x}2, ~Tan[x]?] Tan[x]® (-2 -3Tan[x]?)

, 2,3, —iTan[x}z, ~Tan[x]?]| Tan[x]7 (-2-3Tan[x]?)

, 1,3, —iTan[x}z, -Tan[x]?| Tan[x]’ (-2-3Tan[x]?)

3, 1, 3, —iTan[x}z, -Tan[x]?] Tan[x]° (-2-3Tan[x]?)

3 3 3
, 2,3, - —Tan[x]?, -Tan[x]?] AppellF1[2, =, 1, 3, - = Tan[x]?, -Tan[x]?] Tan[x]*+/-2-3Tan[x]? +

3 2 212 11 2 1 3 2 212
» 1,3, -=Tan[x]?, -Tan[x]?] Tan[x]*+/-2-3Tan[x]? + 384 AppellF1[1, —, 1, 2, - = Tan[x]?, -Tan[x]?]
2 2 2

5/6 _

5/6

5/6

5/6
+

5/6
+

5/6

, 1,3, 75Tan[x}2, -Tan[x]?] Tan[x]” (-2-3Tan[x]2)”"®+

5/6
+

| 51
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3 3
81AppellF1[2, >, 1,3, - > Tan[x]%, ~Tan[x]?]" Tan[x]® (23Tan[x]2)5/6)”
2 2

Problem 447: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

dx

JSec[x]2 (-Cos[2x] +2Tan[x]?)

(Tan[x] Tan[2x] )32

Optimal (type 3, 100leaves, ? steps):
11 ArcTanh | — 2 Tan[x]

Tan[x] Tan [x] Tan[2x] Tan[x] 2Tan[x]3 3 Tan[x]
- +

+ +
\/Tan[x] Tan[2 x] 42 2 (Tan[x] Tan[2x])** 3 (Tan[x] Tan[2x])>? 4~/Tan[x] Tan[2x]

2 ArcTanh |

Result (type 6, 207 leaves):

[(—Cos[z x] +2Tan[x]?) [73Cot[x} -4 Cos[x] Sin[x] +18Sin[x]?Tan[x] -4 Tan[x]> -9 ArcTan [~/ -1+ Tan[x]? | Cos[x] Sin[x] 1/ -1+ Tan[x]? -

1 1 3 R R . X 31 5 X R
(72Appe11F1[—, -—, 1, =, Cot[x]?, -Cot[x]?]| Cos[2x] Sin[x] Tan[x])/ 2AppellFl| =, - =, 2, =, Cot[x]2, -Cot[x]?] +
20 2 2 20 2 2
3 1 5 R R 1 1 3 5 R X
AppellFl[ =, =, 1, =, Cot[x]?, -Cot[x]?| - 3 AppellF1[~, - =, 1, =, Cot[x]?, -Cot[x]?] Tan[x] ]
202 2 20 2 2

Tan[2x]2 /(6(—3+6Cos[2x] +Cos[4x]) (Tan[x] Tan[2x])3/2)

Problem 448: Result unnecessarily involves higher level functions.
J Tan[x] dx
(a® - b?Cos[x]")*?

Optimal (type 3, 112leaves, 7 steps):

1/3

a+2 (a’-b?Cos[x]")
V3 ArcTan| J3 a ] 3 Log[Cos[x]] 3Llog[a- (a’-b3Cos[x]")""”]
. _

4

a*n a’n (a®-b3Cos[x]")*? 2a* 2a*n

Result (type 5, 71 leaves):

3 -n\1/3 . 3 -n
3 (—1+ (1— %m—) Hyper‘geometr‘1c2F1[§, i, ‘;—, %M—})

a*n (a®-b3 Cos[x]”)l/3
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Problem 449: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(1+ 2Cos[x]9)5/6 Tan[x] dx

Optimal (type 3, 95leaves, 14 steps):
V3 [1e2Cos1x)7) +—Ar‘cTanh[(1+2Cos[x}9>1/6] - —ArcTanh[+/1+2Cos[x]° | - — (1+2Cos[x]?)

343 3 9 15
Result (type 5, 579 leaves):

5/6

(128 + 126 Cos [x] + 84 Cos [3x] + 36 Cos [5x] +9Cos[7x] + Cos[9x])>®

<1+Cot[x}2)ssin[x]2 1+5Cot[x]2+10Cot[x]*+10Cot[x]®+5Cot[x]®+Cot[x]¥®+2Cot[x]*¥®/1+Tan[x]?

1/6

{1+5Cot[x}2+10Cot[x]4+10Cot[x]6+5Cot[x]8+Cot[x}1e+2Cot[x]19 1+ Tan[x]?

(1+Cot[x]2)°

(—2 (1+5Tan[x]2+10Tan[x]4+10Tan[x]6+5Tan[x}8+Tan[x]1e+2 1+Tan[x]? | +

5 2°/® Hypergeometric2F1| >

y = (1+Tan[x]2)9/2} (1+Tan[x]?)

7
6

N |

| =
|

(2+ 1+Tan[x]2 +4Tan[x]2+/1+Tan[x]% +6Tan[x]*+/1+Tan[x]? +4Tan[x]%/1+Tan[x]2 +Tan[x]%+/1+ Tan[x]?2

I

1/6
1+5Tan[x]%2+10Tan[x]*+10Tan[x]®+5Tan[x]® + Tan[x]%*® +2+/1+ Tan[x]?

5

480 - 2°/° (1+Tan[x]2)%? [

(1+Tan[x]?)

(4Cot[x]8+20Cot[x}1a+40Cot[x]12+40Cot[x]14+20Cot[x]16+4Cot[x}18+«/1+Tan[x}2 +9Cot[x]2+/1+Tan[x]? +
36 Cot [x]*/1+Tan[x]% +84Cot[x]®+/1+Tan[x]? +126Cot[x]8~/1+Tan[x]? +126Cot[x]%¥®/1+Tan[x]?% +

84 Cot [x]%+/1+Tan[x]? +36Cot[x]*¥+/1+Tan[x]% +9Cot[x]*®+/1+Tan[x]? +5Cot[x]®¥/1+Tan[x]?
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Problem 451: Result more than twice size of optimal antiderivative.
JSec[x}ZTan[x] (1+ (1—8Tan[x]2>1/3)

(1-8Tan[x]2)?"?

dx

Optimal (type 3, 20leaves, 2 steps):

S (1+ (1—8Tan[x]2)1/3)2
32

Result (type 3, 42 leaves):
3 (-7+9Cos[2x]) Sec[x]? (2+ (1-8Tan[x12)1/3)

64 (1-8Tan[x]2)?"?

Problem 452: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Csc[x] Sec[X] (1+ (178Tan[XJ2>1/3)
(1-8Tan[x)2)?"?

dx

Optimal (type 3, 27 leaves, 15 steps):

-Log[Tan[x]] + & Log[1 - (1—8Tan[x]2)1/3]
2

Result (type 5, 93 leaves):

3 (8- Cot[x]2)?? Hyper‘geometr‘icZFl[f, f, 3, m&‘ﬂ 3 (8- Cot[x]2)"? Hyper‘geometr‘icZFl[i, % ;i M}

16 (1-8Tan[x]2)?"? 4 (1-8Tan[x]?)"?

Problem 453: Result unnecessarily involves higher level functions.

5Cos[x]? - —1+SSin[x12)Tan[x]
J ax
(

~1+5sin(x)2)"* (2+ -1+5Sin[x]?2

Optimal (type 3, 101 leaves, 14 steps):
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14 : 2\1/4 B : 2)1/4
3Ar‘cTan[1—)—1 251N (x] | ArcTanh| 1+35In(x] ]

_ V2 _ e +2 (-1+5sin[x]?)

V2 2+/2 2[2+ ~1+5Sin[x]?

1 (-1+5sin[x]2)"*

Result (type 5, 158 leaves):
- ! 3 2Y% (-3+5Cos[2x]) (8\/7+\/3—5Cos[2x] +10\/7Cos[2x])5ec[x]2—

60 (3-5Cos(2x])>*

1 1 5 4Sec[x]?
30 5*%+/3-5Cos[2x] Hypergeometric2Fl[~, —, =, #] ((-3+5Cos[2x]) Sec[x}2>1/4+
4 4 4 5
3 3 7 4Sec[x]?
28 - 5Y*Hypergeometric2Fl] =, =, —, #} (2—8Tan[x]2)3’/4
4 4 4 5

Problem 454: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCOS [x]3Cos[2x]%/3Sin[x] dx

Optimal (type 3, 25leaves, 4 steps):

3 3
- —Cos[2x]°®- —Cos[2x]8%3
40 64

Result (type 5, 1401leaves):

3
- —Cos[2x]°? -
40

w N

) . 2 5 )
, —e**X] + e® 1 X Hypergeometric2F1[~, =, =, —e“”])]/
3 3

w
w
w

(3 e fix (1+<e4“)1/3 ((1+e4“)2/3 (1+e®%) +2<e4jXHyper'geometr‘ic2F1[—l, 1,

(256 22/3 (e—zﬂx+ezix>1/3)

Problem 455: Result unnecessarily involves higher level functions.

JSin[x]GTan[x} dx

Cos[2x]3/*

Optimal (type 3, 102 leaves, ? steps):
1-4/Cos[2X] } Ar‘cTanh[ 1+3{Cos[2x] ]

1/4 1/4 7 1 1
V2 Cos(2x] - V2 coszxg¥ +—Cos[2x]Y*%- = Cos[2x]°*+ — Cos[2x]°*

NEY V2 4 5 36

ArcTan |
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Result (type 5, 59 leaves):

2Hyper‘geometr‘ic2F1[f’T, j’:, i, M]

1
—— Cos[2x]"* (635-72Cos[2x] +5Cos[4x]) +
360 3 (1+Cos[2x])>*

Problem 456: Result more than twice size of optimal antiderivative.

J\/Tan [x] Tan[2x] dx

Optimal (type 3, 17 leaves, 3 steps):

—Ar‘cTanh[ Tan[x] }

\/Tan[x} Tan[2X]
Result (type 3, 45leaves):

ArcTanh [ 2-€es1xL] \/Cos 2 x] Csc[x] v/Tan[x] Tan[2 x]

Cos[2x]

V2

Problem 488: Result more than twice size of optimal antiderivative.

Jx Sec[x] Tan[x]3dx

Optimal (type 3, 30leaves, 5steps):

5 1 1
= ArcTanh[Sin[x]] - xSec[x] + —x Sec[x]3 - = Sec[x] Tan[x]
6 3 6

Result (type 3, 104 leaves):

1 X . X
- —Sec[x]® [4x+12xCos[2x] +5Cos[3x] Log[Cos[ =] -sin[=]] +
24 2 2
15 Cos [X] Log[Cos[i] —Sin[iH —Log[Cos[i] +Sin[£“) -5Cos[3X] Log[Cos[i] +Sin[i]] +25Sin[2x]
2 2 2 2 2 2

Problem 506: Unable to integrate problem.
J(akXJral")nd]x

Optimal (type 5, 72leaves, 2 steps):
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(1+atbx) (akx 4 alx)"Hypergeometric2F1[1, 1+ >, 1+ 1

k 1nJ_a(k—l)x]
k-1 k-1

lnLogla]

Result (type 8, 15leaves):

J(akx+alx)”dlx

Problem 511: Unable to integrate problem.
J(akx ~alX)"dx

Optimal (type 5, 74 leaves, 2 steps):

n s a(k-1) x}

5 (k-1) x kx _ 4lx\n . kn 1n
(1-a ) (a al*)" Hypergeometric2F1[1, 1+ a1

lnlog[a]

Result (type 8, 17 leaves):

J(akx -atX)"dx

Problem 523: Result is not expressed in closed-form.

e)(
J dx
b+ae3X

Optimal (type 3, 100 leaves, 7 steps):

ArcT bl/3_2 a1/3 ex
rcTan | 73 b3 ] Log[b/? +al’3 e*| Log[b+ae?X]
- . -

/3 al/3p2/3 2 31/3 p2/3 6 3l/3 p2/3

Result (type 7, 36 leaves):
RootSum|b + a #1* &, —x+log[eX 1] 8]

11?2

3a

Problem 528: Result unnecessarily involves higher level functions.
J(l—ZeXB)lMdlx

Optimal (type 3, 54 leaves, 6 steps):
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12 (1-2e¥3)Y* ~6ArcTan| (1-2e¥3)"*] —6ArcTanh[ (1-2e*/3)*]

Result (type 5, 70leaves):

2 (—6+12 eX/3 4 214 (2- /3)3/4 Hyper‘geometr‘icZFl[%, %, i, M])

(1-2ex3)%

Problem 540: Unable to integrate problem.
Jrex (1-x-x2) i

1-x2
Optimal (type 3, 15leaves, 1 step):
e*~/1-x2
Result (type 8, 27 leaves):

Jex (1-x-x?) ix

1-x2

Problem 552: Result more than twice size of optimal antiderivative.
eX
J— dx
1+ Cos[X]
Optimal (type 5, 28 leaves, 2 steps):
(1-1) e *Hypergeometric2F1[1-1, 2, 2-1, -e'¥]
Result (type 5, 89 leaves):
-;(1“‘1) eXCos[i]
1+ Cos[Xx] 2
((1+ i) Cos[i} Hypergeometric2F1[-i, 1, 1-1i, -e**] - e“Cos[i] Hypergeometric2F1[1, 1-4, 2-1i, -e'*] - (1-1) Sin[i])
2 2

2
Problem 553: Result more than twice size of optimal antiderivative.
i — <
1- Cos[X]

Optimal (type 5, 26 leaves, 2 steps):
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(-1+1) e™¥ XHypergeometric2F1[1-1, 2, 2- i, e']

Result (type 5, 84 leaves):
1

-1+ Cos[X]

(1+1) e Sin[f} ((1-1) Cos[i] + (1+1) Hypergeometric2F1[-i, 1, 1-1, e'¥] Sin[i] + e X Hypergeometric2F1[1, 1-1i, 2-1i, ] Sin[i]]
2 2 2

Problem 554: Result more than twice size of optimal antiderivative.

(eX
J — & ax
1+Sin[x]
Optimal (type 5, 30leaves, 2 steps):

(-1+1) e XHypergeometric2F1[1+1, 2, 2+ 1, -i e *¥|

Result (type 5, 61 leaves):
2 e*Sin [ i]

- (1-i) (1-(1- 1) Hypergeometric2F1[-i, 1, 1 -1, i Cos[x] -Sin[x]]) (Cosh[x] +Sinh[x])
Cos[f] +Sin[§}

Problem 555: Result more than twice size of optimal antiderivative.

(EX
J — & ax
1-Sin[x]
Optimal (type 5, 30leaves, 2 steps):

(1+1) e *Hypergeometric2F1|1-1, 2, 2-1i, -ie'*|

Result (type 5, 61leaves):
2 e*sin| %]

+#(1+1) (1- (1+1i) Hypergeometric2F1[-i, 1, 1-1i, -iCos[x] +Sin[x]]) (Cosh[x] +Sinh[x])
Cos[i] —Sin[ﬂ
Problem 557: Result more than twice size of optimal antiderivative.

Jex (1+sin[x])

1-Cos[x]

dx

Optimal (type 5, 41leaves, 7 steps):
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) . e*Sin[x
(-2+21i) e *Hypergeometric2F1[1-1, 2, 2-1i, ' *] + e sinix]
1-Cos[X]

Result (type 5, 100 leaves):

2¢ Sin[i] (Cos[i] + 2 i Hypergeometric2F1[-i, 1, 1- i, e'*] Sin[i} +(1+1) e *Hypergeometric2F1[1, 1-1i, 2-i, e**] Sin[i]]
2 2 2 2

/[<71+C°5[X1> (Cos[i} +Sin[§])2)

1+Si
(1+sin[x]) 5 A

Problem 559: Result more than twice size of optimal antiderivative.

Jex (1-sin[x])

1+ Cos [X]

dx

Optimal (type 5, 42 leaves, 7 steps):
e*Sin[x]

(2-21) e *Hypergeometric2F1[1-1i, 2, 2-1, -e'*] -
1+ Cos[x]

Result (type 5, 87 leaves):
_r
1+ Cos[Xx]

2 e Cos[i] (2 iCos[i] Hypergeometric2F1[-i, 1, 1-1, -e'*] - (1+1) e”Cos[i] Hypergeometric2F1[1, 1-i, 2-1i, -e*] —Sin[i]]
2 2 2 2

Problem 574: Result more than twice size of optimal antiderivative.

JSech[x] dx

Optimal (type 3, 3leaves, 1step):
ArcTan[Sinh[x]]

Result (type 3, 9leaves):
X
2 ArcTan|Tanh| E] |

Problem 575: Result more than twice size of optimal antiderivative.

stch[x] dx
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Optimal (type 3, 5leaves, 1step):
—-ArcTanh[Cosh[x]]

Result (type 3, 17 leaves):

_Log[Cosh[g] ]+ Log[Sinh[g] ]

Problem 579: Result more than twice size of optimal antiderivative.

JCsch[x]3dlx

Optimal (type 3, 16leaves, 2steps):

1 1
— ArcTanh[Cosh[x]] - — Coth[x] Csch[x]
2 2

Result (type 3, 47 leaves):

1 Xx.2 1 X 1 X 1 X2
- —Csch|— —L Cosh|—|| -—L Sinh|—|| - —Sech| —
_csen[”]%+ ~ Log[cosh| " || - Log[sinh[ > ]] - sech[ ]

Problem 592: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Cosh[x] (-Cosh[2x] + Tanh[x]) 5
X

Vsinh[2x] (Sinh[x]?+Sinh[2x])

Optimal (type 3, 69leaves, 8steps):

\/?Ar'cTan[Sech[x] \/Cosh[x] Sinh[x] ] + 1Ar‘cTan[w] - 1\EAr'cTanh[Sec:h[x] \/Cosh[x] Sinh[x] } + w
6 \/Sinh[2 x] 3 \/Sinh[2 x]

Result (type 4, 487 leaves):
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Coth[x] V/Sinh[2x] (-Cosh[2x] +Tanh[x])
Cosh[x] + Cosh[3 x] - 2Sinh[x]

+

1 1/4
! Cosh[x] |-||6 (-1)** 1+coth[>]® |EllipticF[i Ar‘cSinh[#}, -1] -
2 (Cosh[x] +Cosh[3x] - 2Sinh[x]) 2
| Tanh [ *]
2
<71>1/4 <71>1/4

EllipticPi[- (-1)Y®, i ArcSinh| |, -1] - EllipticPi[- (-1)%®, i ArcSinh|

Tanh|[ 2] W

mem[x] \/Tanh[x]+Tanh[X]3 /[(1+Cosh[x])\/(smh[2x] [umm["]ﬂ .

], -1

2 2 2 1+Cosh[x])?

(3-3:+/3 ) EllipticPi[-i, i ArcSinh[(-1)"* Tanh[ 2] ], -1] +2 (-1+(-2)*?)

(16 (-1)°* A

EllipticPi[i, Ar‘cSinH—l)g'/4 Tanh{i] ], -1] +1 (Ji+\/?) EllipticPi[- (-1)Y°, i ArcSinh[(-1)"* Tanh[i] ], -1] +
2

2 (-1+ (-1)"3) EllipticPi[- (-1)°/%, i ArcSinh[(-1)** [Tanh X , -1]| sinh[2x]3/2 [Tanh X1 s Tanh[27?
(-1+(-1)
2 2 2

[3 (—]'l+\/?) (1+COSh[X}>3

Sinh[2 x] 32 X X ;2
_ Tanh[ ~] 1+ Tanh[~] (-Cosh[2x] + Tanh[x])
(1+Cosh(x])? 2 2

Problem 601: Result more than twice size of optimal antiderivative.

je’“ Sech[x]%dx

Optimal (type 3, 13leaves, 3 steps):



8

3 (1+ezx>3

Result (type 3, 32leaves):

8e?* (3+3e2X+e*)

3 (1+e2%)3

Problem 622: Result more than twice size of optimal antiderivative.

1
J ax
X~/ a? + Log[x]?

Optimal (type 3, 16leaves, 3 steps):

ArcTanh| Log [x] ]

a + Log[x]?

Result (type 3, 46 leaves):

logIx]__y Loy, toBX

1
—fLog[l— 5

2

a? + Log[x]? a? + Log[x]?

Problem 623: Result more than twice size of optimal antiderivative.

J A/ — 2+ 2
dx
X a LOg X

Optimal (type 3, 18leaves, 3 steps):

}

Log[Xx
Ar‘cTanh[ glx]

a2+ Log[x]?

Result (type 3, 50 leaves):

1
—L 1
}+2 og[ +

Log[x] Log[X]

1
-~ Log[1-
2

-a%+Log[x]? -a%2+Llog[x]?
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Problem 627: Result unnecessarily involves imaginary or complex numbers.

1
J dx
x Log[x] A/ -a? + Log[x]?

Optimal (type 3, 23 leaves, 4 steps):
Ar‘cTan[lm’az*LaO X1 ]

a

Result (type 3, 38leaves):

2ia 2~/ -a’+Llog[x]? ]
Log([x] Log[x]

ilog|-

Problem 689: Result more than twice size of optimal antiderivative.

x® ArcSec [x]
Ji dx

(—1+X2)5/2

Optimal (type 4, 175leaves, 16 steps):

VX2 (2-3x2) ) EAr‘cCoth[\/xT] ) 5 x3 ArcSec [X] . x5 ArcSec [X]  5xArcSec[x]
6 (-1+x?) 6 6 (-1+x2)¥2 2 (-1+x2)?? 2142
5i+/x? ArcSec[x] ArcTan|[etAresecixl | 54 +/x? Polylog|2, -1ielArcsecixI| 54 +/x2 Polylog[2, i e!Arcsecix]]
N _
X 2 X 2 X

Result (type 4, 383 leaves):
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1 1 .
% 1- — ArcSec([x] Log[1- i elAresecix]]
96 (-1+x2)%? x2
1 ) 1 1 ArcSec [x
30 [1- — ArcSec(x] Log[1+ i etAresectx] 4 26 ; —_— ; 1n[7HH +16Sin[2 ArcSec[x]] -
X 2

1 )
1-— PolyLog[2, i e'AresecX)| sin[2 ArcSec[x]]? -

1 i
1-— PolyLog[2, -1 e*A"e<lX] | Sin[2 ArcSec[x] ]2 +60 i
X

X

60 1

15 ArcSec[x] Log[1 - i e'ArsecX)] sin[3 ArcSec[x]] + 15 ArcSec[x] Log[1 +i e!ArecX]| Sin[3 ArcSec[x]] +

ArcSec [Xx] ArcSec [X]
[———1] [———1]

13 Log|Cos Sin[3 ArcSec[x]] - 13 Log|[Sin Sin[3ArcSec[x]] -4 Sin[4 ArcSec [x]] +

15 ArcSec[x] Log[1 - i e!AresecX)] sin[5 ArcSec[x]] - 15 ArcSec[x] Log[1 + i e!Are¢X]| Sin[5 ArcSec[x]] -

ArcSec [X] ArcSec [X]

13 Log|[Cos | |] sin[5ArcSec[x]] +13 Log[Sin]| |] sin[5ArcSec(x]]

Problem 698: Result more than twice size of optimal antiderivative.

ArcTan[a - x]
Jf—dlx

a+X

Optimal (type 4, 122leaves, 5 steps):

2 2 (a+x)
ArcTan[a - x] Log[ ——————] - ArcTan[a - x] Log|[- |-
1-1 (a-x) (i-2a) (1-1i(a-x))
1 2 1 2 (a+X)
~iPolylLog[2, 1- ———————| + = iPolylLog[2, 1+ ]
2 1-1 (a-x) 2 (i-2a) (1-i(a-x))

Result (type 4, 256 leaves):
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—-ArcTan[a - X]

1
~Log[l+a?-2ax+x*| +Log[-Sin[ArcTan[2a] -ArcTan[a-x]]] | +
2

2 2

+1i (ArcTan[2a] - ArcTan[a-x])* -

N |

i (7m-2ArcTan[a-x])

DR

(m-2ArcTan[a-x]) Log [1+e2iArcTaniax]] _ ) (-ArcTan[2a] +ArcTan[a-x] ) Log [1- @2t (-ArcTan(2a)+ArcTan(a-x]) |

2
(m-2ArcTan[a-x]) Log[ ———— ] -2 (ArcTan[2a] - ArcTan[a-x] ) Log[-2Sin[ArcTan[2a] - ArcTan[a-x]]] +

1+ (a-x)?2

i PolyLog [2, _e—ZJ'LAr‘cTan[a—x] } + i PolyLog [2, (EZJ‘L (-ArcTan[2 a] +ArcTan[a-Xx]) } ]

Problem 703: Result unnecessarily involves imaginary or complex numbers.

JAr‘cSin [Sinh[x]] Sech[x]*dx

Optimal (type 3, 49 leaves, 5 steps):

Cosh[x] 1 1
————| + =sech[x] \/1-Sinh[x]? +ArcSin[Sinh[x]] Tanh[x] - =~ ArcSin[Sinh[x]] Tanh[x]?
72 6 3

Result (type 3, 66 leaves):

2
- = ArcSin]|
3

x (8]‘1 Log[i /2 Cosh[x] ++/3-Cosh[2x] | +V6-2Cosh[2x] Sech[x] +4ArcSin[Sinh[x]] (2+Cosh[2x]) Sech[x}ZTanh[x]>
12

Problem 704: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JAr‘cCot[Cosh[x} ] Coth[x] Csch[x]3dx

Optimal (type 3, 36 leaves, 6 steps):
ArcTanh [ TnhixL |
VZ

Coth[x] 1 R
+ - — ArcCot [Cosh[x]] Csch[x]
6/2 6 3
Result (type 3, 144 leaves):
icSch[x13 -16 ArcCot [Cosh[x]] - 2 Cosh[x] +2Cosh[3x] -3 1+/2 ArcTan[1-1i+/2 Tanh[i]] Sinh[x] +
48 2

312 ArcTan[1+i+/2 Tanh|>]] Sinh[x] + i V2 ArcTan[1-i+/2 Tanh|>]] Sinh[3x] - i V2 ArcTan[1+1i+/2 Tanh[>]] Sinh[3x]
2 2 2
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Problem 705: Result more than twice size of optimal antiderivative.

Jex ArcSin[Tanh[x]] dx

Optimal (type 3, 28 leaves, 5steps):
e* ArcSin[Tanh[x]] - Cosh[x] Log[1+e?*] +/Sech[x]?

Result (type 3, 64 leaves):

2x 2x 5 5
X X X
1+ez><} e <1+e2x)2 (1+e?*) Log[1+e?¥]

-l+e

e* Ar‘cSin[
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Summary of Integration Test Results

705 integration problems

A - 600 optimal antiderivatives

B - 42 more than twice size of optimal antiderivatives
C - 57 unnecessarily complex antiderivatives

D - 6 unable tointegrate problems

E - Ointegration timeouts



